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Motivation

k is always a number field.

Question.
Given a smooth projective curve C/k,
can we efficiently decide whether C(k) = () or not?

e If C(k) #0, we can find a point — OK.
o If C(AL) =0, then C(k) =0 =— OK.

o If C(A) £ 0, but apparently C(k) = 0,
we can try descent.



Descent

Let m : D — C be finite étale, geometrically Galois
(more precisely: a C-torsor under a finite k-group scheme G).

Then we have the twists m¢ : Dg — C for ¢ € H1(k,G).

Theorem.

o C(k) =Ueepi(,c)me(De(k)).

o Sel™(k,C) = {¢ € H'(k,G) : D¢(Ag) # 0} is finite (and computable).
(Fermat, Chevalley-Weil, ...)

If we find Sel™(k,C) =0, then C(k) =0 = OK.

Questions.
e Does this always work to prove C(k) = 07
e How much information on C(k) C C(A,) can we get in this way?



A Definition

Note.
At infinite places, we only get information on connected components.

Therefore:  for X/k smooth projective, set

X(Ap)e = [] X(kv) x ] mo(X(kv))

v{oo v]oo

Definition.

e For m:Y — X torsor under G set X (Al = U me(Ye(Ap)e).
EeH (k,G)

o X(ANTYV= N X(AT.

e X(ApF®= N XTI

7 abelian



First Properties

With X (k) the topological closure of X (k) in X(Ag)e:

X(k) c X(k) € X(A)IV c x (AP ¢ X(A)e

e f: X — Y morphism, then
f-cov/f-ab f-cov/f-ab
FOX (A)eY™20y c vy (ag)eeY/
e K/k finite extension, then

iK/k(X(Ak>t_COV/f_ab) - X(AK)i—cov/f—ab



Abelian Varieties

Let A/k be an abelian variety.

Every (geom. connected) abelian covering of A
is a quotient of A -/ A for some n.

So we consider Selmer groups:

SellM(k, A) < HYk, A[n])

l l

A(AL) /nA(AL) — [ H(kv, Aln])

For n | N, have commutative diagram

SelM(k, A) —  Sel®(k, A)

l l

A(AE)/NA(AL) — A(Ag)/nA(AL)



The Pro-Finite Selmer Group

Pass to the limit to obtain the pro-finite Selmer group

Sel(k, A) = lim Sel(™ (k, A)

T he exact sequences
0 — A(k)/nA(k) — Sel™(k, A) —s 1I(k, A)[n] — O

piece together to give

0O — A/(Tf) — §\el(k,A) — THI(k,A) — O
| |
A(k) — IIMmA(AL)/nA(AL) = A(Ap)e

e TIl(k, A) = 0 if and only if II(k, A)gy, = O.

o A(AL)3P = image of Sel(k, A) in A(AL)e.



A Theorem

T heorem.
Let Z C A be a finite subscheme and

Sel(k,A) > P — (Py)v € A(Ag)e
such that P, € Z(ky) for v in a set of density 1.
Then P e Z(k).

Consequences.
o Sel(k, A) injects into A(Ay)e, identifying A(k) with A(k).
o A(AL)FAb = Sel(k, A), and Z(Ar)e N A(AL)EFAP = Z(k).

e We even have Sel(k, A) — [] A(Fy) if S has density 1.
veS



Obstruction on Abelian Varieties and PHSs

With the identifications just found, we have an exact sequence

0 — A(k) — A(A)FAP 5 TTII(K, A) — 0

T his implies
o A(k) = A(AL)5P «— TlI(k, A)g;y = O.

o A(k) = A(AFP «— MI(k,A)giy =0 and rankA(k) =0
(e.g., A/Q modular of analytic rank zero (Kolyvagin-Logachev)).

If X is a principal homogeneous space for A with X (k) =0, X(Ar)e # 0,
then X represents 0 £ £ € 11I(k, A), and

o 0= X(k) = X(Ap)5 «— ¢ ¢ 1(k, A)giv.



Proof of Theorem (Sketch)

Let £y = k(A[N]) be the N-division field.

Result of Serre's on image of Galois in Aut(Aiors) implies

ImYN = m kills ker(Selt™)(k, 4) — sel™ (ky, A))

From this: if Q € Sel™M)(k, A), ord(mQ) = n,

then the set of places v such that

(i) v splits completely in kx/k, and (i) Qu =0 € H(ky, A[N])
has density < 1/(nlky : k]) (Chebotarev).

Assume that Z(k) = Z(k) (make field extension in general case).

If P¢ Z(k) + A(k)tors, then we find set of v of positive density
such that P, = Q for all Q € Z(k), contradiction.

(Note §\e|(k7 A)tors = A(K)tors-)

So P e Z(k) + A(k)tors C A(k) — A(ky), and P = P, € Z(k)
(pick suitable v).



cCurves

Let C/k be a curve of genus g with Jacobian J.

e g = 0: Hasse Principle.
e g = 1: (' is abelian variety or PHS.
e g >2: C(k) is finite, so C(k) = C(k).

By Geometric Class Field Theory, all abelian coverings of C come from J.
o If Pict(k) =0 and [Pic}] ¢ 11I(k, J)qgiy, then C(k) = C(A)53P = 0.
o If Pick(k) # 0, then 3u: C — J, and C(A,)53P = .~ 1(Sel(k, J)).
If III(k, J)giy = 0, and we identify C with +(C):
C(AR)SP = T(k) N C(Ap)s

(this can be used for computations).

Note: HI(k,J)giy = 0 and J(k) finite == C(A;,)2P =C(k).



Adelic Mordell-Lang?

Question.
Is there an Adelic Mordell-Lang Conjecture?
E.g., if X C A not containing a nontrivial subabelian variety, then

37 C X finite : X(AL)e NSel(k, A) C Z(AL)e

Remark.
True with A(k) instead of Sel(k, A) if
k is global function field, A ordinary, X not defined over kP (Voloch).

If the above is true, then for a curve C' C J, we have
C(k) C C(ALFP = C(AL)e N Sel(k, J) C Z(AL)e N Sel(k, J) = Z(k) C C(k)
and so C(AL)F3b = C (k).



Main Conjecture

Conjecture.
If C'/k is a smooth projective curve of genus > 2, then C(A;)2P = C(k).

e K/k finite extension, C(Ax)3P = C(K), then C(A,)2P = C(k).
e C — X non-constant, X(A;)ab = X (k), then C(AL)53P = C (k).
(Use Theorem == Z(Ap)e N C(AL)530 = Z(k) for Z c C finite.)

o C = Xo(N), X1(N), X(N) satisfy C(Ag)i23P = C(Q) if genus > 1.

e Many more examples.

o C:y? = f(z), g=2, coeffs of fin {-3,...,3},
then C(Ag)5aP = 0 whenever C(Q) = . (Bruin-Stoll)
(need to assume II(k, J)q;y = 0 for 1492 cases, BSD for 42 cases)

e Poonen has a stronger conjecture when C(k) = 0,
supported by heuristic arguments.



Consequences

e We can effectively decide if C(k) = 0 or not.

e [ he Brauer-Manin Obstruction is the only obstruction
against rational points on C
and against weak approximation in C(Ag)e.



Comparison With Brauer-Manin Obstruction

X/k smooth projective, geometrically irreducible.

Recall
Bri(X) = ker(Br(X) — Br(X x, E)) and Bri(X) — H(k,Picy)
Let Brl/Q(X) C Br1(X) be the preimage of the image of H1(k, Picg)().
Then
X(ARB € X(APE™ € X (450 € X(Aay)e /2
(X(Ak)?rl C X (AL)3ab: Colliot-Thélene & Sansuc, Skorobogatov)

If X = C is a curve, then Br(C) = Br1(C) = Brl/Q(C), and so

C(AR)TP = O(AL)S"



