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Problem 1 (Minimization).
Remove powers of primes from the invariants of F.
(I.e., improve the reduction mod p.)

This results in @ minimal representative of G(Q) - F,
which still can have large coefficients.

Necessary: F has some nonzero invariant (i.e., Fis not a nullform)

Problem 2 (Reduction).

Find a unimodular transformation T € GL(n+ 1, %)
(this does not change the invariants)

such that 'F has small coefficients.

In this talk, we will mainly focus on Problem 1 for ternary forms F.
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Warmup: Minimization of Binary Forms

For binary forms, (0,1) is the only relevant nonzero weight vector.
For it to apply with T =1,, the condition for

F:aoxd+a1xd_1y+...+adyd
is p© | F(x,py) with 2e > d, i.e.,
d :
Vp(aj)>§—J for j=0,...,d.

This implies that F =F mod p has a root of multiplicity > d/2.

Algorithim.
1. if no root of F has multiplicity > d/2 then return F
2. Find T € GL(2,Z) such that the high-mult. root of TF is at (1:0).

3. e:= vp(TF(x,py))
4. if 2e >d then F:=p—¢. 'F(x,py); goto 1. else return F

(For reduction of binary forms, see Cremona&Stoll 2003.)
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Geometric Conditions for Ternary Forms

We need an efficient way to find a suitable unimodular T.

If w=(0,0,1) applies, then F splits off a high-multiplicity linear factor.
If w=(0,1,1) applies, then {F =0} has a point of high multiplicity.

We denote by X the projective plane curve over IB“p given by F = 0.

Theorem (E&S).
If F e Z[x,y,z] is not minimal at p, then we have one of the following.
(1) X contains a line L with multiplicity > d/3;
(2) X contains a line L with multiplicity 0 < m < d/3
and there is a point P € L with multiplicity > (d —m)/2 on X;
(3) X has a point P of multiplicity > d/2, which is not on a line in X.

Moving L to z=10 and applying w = (0,0,1) in cases (1), (2), or
moving P to (1:0:0) and applying w=(0,1,1) in case (3)
brings us one step/two steps ‘closer’ to a minimal representative.
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Condition for instability:
After a coordinate change, all coefficients on or below the red line vanish,

for some choice of red line.
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Algorithm for Minimization at p

Let m(d) be a bound on w; +w>, over the weight vectors for degree d.
This is the maximum number of steps to a successful partial minimization.

1. Determine a list of pairs (T,w) for F as in the theorem.
2. for each pair (T,w) do
2a.  Fi=TF(x,p"1y,p"22); e:=vp(F); Fr:=p~°F

2Db. iIf Ty is a partial minimization of F then return F;
2cC. iIf steps so far > m(d) then terminate this branch
2d. apply the procedure recursively to F

3. return F // if we get here, no success

We keep track of the accumulated transformation
and of the number of minimization steps made.

We repeat the procedure above until no further minimization is possible.
This is quite fast in practice.
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We can translate the conditions in the theorem
into systems of polynomial equations and compute Grobner Bases over Z.
Each p has to divide the integer in one of the GBs (if it exists).

This is still slow. We can speed it up by noting that
all invariants of F must be divisible by p.
So we compute a few invariants and add their gcd to the ideal generators.

This results in an implementation that usually runs in reasonable time.
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Reduction

The paper

M. Stoll, Reduction theory of point clusters in projective space,
Groups Geom. Dyn. 5, 553-565 (2011)

shows how to find a unimodular transformation
that moves a bunch of points in P to a nice position.

We can apply this to a cluster of points that is covariantly associated to F,
e.g., the cluster of inflection points of {F = 0}.

In practice, a simple ad-hoc reduction works very well:
try ‘small’ transformations as long as they make the coefficients smaller.

It is also a good idea to apply this between minimization
at different primes, to keep coefficient growth in check.
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F = Xt 2x3y + 3xzy2 + ny3 + 18xyz2 + 9yzzz — 974
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Here are two plane quartics from a famous paper.
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F = 33Xt —6x3z + 6x2y2 — 6xzyz +15x%2% — 4xy3 — 6xyz2 — 4xz? + 6yzz2 — 6yz3

Both turn out to be non-minimal at 2; minimal models are given by
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F, = —x%y — 3x%yz + 3x%2% + 3xy> — 6xy’z — 3xyz?
— 4yt —15y3z + 21y%2? — 15y2° — 32°

(Minimization and reduction of plane quartics
was already implemented by SE in Magma.)
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Example

Here is a plane sextic from a future famous paper.

F = 5x° — 50x°y + 206x*y? — 408x3y> + 321x%y* + 10xy® — 100y°
+9x*z2 — 6Ox3yz2 + SOxzyzzz + 48xy3z2 + 15y4zz
+3x%2 — 1Oxyz4 + 6yzz4 —z°
This is the unique plane sextic model with four simple double points
of a certain modular curve X(b5,ns7) of genus 6.

It is non-minimal at 2; our algorithm produces the following model.

F=—x®—2x%y + 2x°z + 23x*yz — 5x%y> — ¥3y?z + x3yz? + 5x32° — x%y*?
— 8x2y3Z + 17x2yzzz — 8x2yz3 — X%zt 3xy5 — 7xy4z + 1Oxy3Z2

— 1Oxy2z3 + 7xyz4 —3x2° + y6 — 3y52 + 3y4z2 — 6y3z3 + 3yzz4 — 3yz5 + 20



Live Demonstration

> pol := 5*x76 - 50*x7b*y + 206*x74*y~2 - 408*x73*xy~3 + 321*x"2*xy~4
+ 10*x*xy~5 - 100*y~6 + 9*x74*xz"2 - 60*%x~3*y*z~2
+ 80*x"2xy~2%z72 + 48*xx*xy~3*%z"2 + 1b*xy~4*xz~2 + 3*x72*%z"4
- 10*xx*y*xz~4 + 6xy~2*xz"4 - z76;

> MinRedTernaryForm(pol) ;

-X76 - 2%x7bkxy + 2%x7b*z + 23*%x74*xy*z - b*x"3*xy~3 - x"3xy~ 2%z +
X"3*%y*z~"2 + bxx"3%z73 - xXT2%y~4 - 8xxT2*xy 3%z + 17*xxXT2xy"2%z"2 -
8*xX"2*y*z~3 - x72*%z74 + 3*x*y~5 - Txxxy~4d*xz + 10*x*xy~3*%z"2 -
10*xx*y~2*%xz~3 + T*x*y*z~4 - 3*x*z"b5 + y~6 - 3*xy~b*z + 3*xy~4*xz"2 -
6xy~3*z~3 + 3*xy~2*xz"4 - 3*xy*z~b + z76

[ 1 -1 1]
[ 1 0 O]
[0 1 1]
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Thank Youl



Smaller Even Model

F = 5x° — 50x°y + 206x*y? — 408x3y> + 321x%y* + 10xy® — 100y°
+9x*z2 — 6Ox3yz2 + SOxzyZZZ + 48xy3z2 + 15y4zz
+3x%2 — 1Oxyz4 + 6yzz4 —z°

T he following is a model with smaller coefficients
that preserves the involution (x,y,z) — (x,y,—z).

F(x + 2y,y,z) = 5x° + 1Ox5y + 6x4y2 + 40x3y3 + 17x2y4 — 50xy5 — 44y6
+9x*22 4 12x3yzz — 64x2yzz2 — 64xy322 + 95y4zz
+3x%24 + 2xyz4 — 2y2z4 — 28



