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ABSTRACT. We study the asymptotics of the set S(d) of possible prime orders of K-
rational points on elliptic curves over number fields K of degree d as d tends to infinity.
Assuming some conjectures on the sparsity of newforms of weight 2 and prime level
with unexpectedly high analytic rank, we show that maxS(d) ≤ 3d + 1 for sufficiently
large even d and maxS(d) = o(d) for odd d. This gives a significant (but conjectural)
improvement on the currently best known upper bound maxS(d) ≤ (3d/2 + 1)2 due
to Oesterlé.

1 Introduction

Let K be an algebraic number field and let E be an elliptic curve over K. Then by work of
Mordell [Mor22] and Weil [Wei29] the group E(K) of K-rational points on E is a finitely
generated abelian group; in particular, its torsion subgroup E(K)tors is a finite abelian
group (this can also be shown in a number of more elementary ways than relying on
the Mordell-Weil theorem), and one can ask which finite abelian groups can occur as
the torsion subgroup of E(K) for some elliptic curve over some number field K of some
fixed degree d.

For K = Q (equivalently, d = 1), Mazur [Maz77,Maz78] famously proved that there are
only finitely many possibilities for the torsion subgroup and thereby confirmed that the
conjectured list is complete. Later, Merel [Mer96] extended this by showing that for any
given degree d, there are only finitely many possibilities for E(K)tors when [K : Q] = d.
These have been determined explicitly for d = 2 by Kamienny [Kam92] building on
work by Kenku and Momose [KM88], for d = 3 by Derickx, Etropolski, van Hoeij,
Morrow and Zureick-Brown [DEvH+21] building on previous work of Jeon, Kim and
Schweizer [JKS04] and Bruin and Najman [BN15], and very recently also for d = 4 by
Derickx and Najman [DN25].

One key step in these finiteness results is to show that there are only finitely many prime
numbers p that can divide the order of E(K)tors, i.e., can occur as the order of an element
of E(K), for K of degree d. This motivates the following definition (following [KM95]).

Definition 1.1. Let d ≥ 1 be an integer. Then we define S(d) to be the set of all prime
numbers p such that there exists a number field K of degree d, an elliptic curve E over K
and a point P ∈ E(K) such that P has order p.

Following [DKSS23], we write Primes(x) for the set of all prime numbers p such that
p ≤ x.

The following values of S(d) are known.
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Theorem 1.2.

S(d) ⊆ Primes((3d/2 + 1)2) [Oes94,DKSS23]
S(1) = Primes(7) [Maz77,Maz78],
S(2) = Primes(13) [Kam92],
S(3) = Primes(13) [Par00,Par03],
S(4) = Primes(17) [DKSS23],
S(5) = Primes(19) [DKSS23],
S(6) = Primes(19) ∪ {37} [DKSS23],
S(7) = Primes(23) [DKSS23], and
S(8) = Primes(23) [Kha24].

The bound S(d) ⊆ Primes((3d/2 + 1)2) mentioned above is currently the best known
asymptotic bound on S(d) and is due to Joseph Oesterlé [Oes94]. His notes containing
the original proof of this are not publicly available, but a proof of his bound (closely
following these notes) can be found in Section 6 of [DKSS23]. The recent determina-
tion of S(8) by Khawaja follows the approach taken in [DKSS23]. In a later part of this
series, we will give an alternative proof that requires less computation.

It is much easier to determine the set S ′(d) of primes p such that there are infinitely
many elliptic curves E over number fields K of degree d with distinct j-invariants that
have a K-point of order p. This is largely a question about the gonality of the modular
curve X1(p). The following is known.

Proposition 1.3.

S ′(1) = Primes(7), S ′(2) = Primes(13), S ′(3) = Primes(13), S ′(4) = Primes(17),

S ′(5) = Primes(19), S ′(6) = Primes(19), S ′(7) = Primes(23), S ′(8) = Primes(23).

For d = 1, 2, 3, 4, this is shown in [Maz77, Kam92, JKL11a, JKL11b], respectively; for
5 ≤ d ≤ 8, this follows from [DvH14, Thm. 3].

The gonality of X1(p) grows like p2 [Abr96]; this implies that S ′(d) ⊆ Primes
(
O(

√
d)
)
;

see Proposition 3.6 below. On the other hand, denoting by SCM(d) the set of primes
that can occur as orders of points on elliptic curves with complex multiplication over
a number field of degree d, the results of [CCS13] show that SCM(d) ⊆ Primes

(
O(d)

)
and that 3d + 1 ∈ SCM(d) when 3d + 1 is prime1. Since clearly SCM(d) ⊆ S(d), we will
certainly have S ′(d) ⊊ S(d) for infinitely many d. The data in [vH14] suggest that this
is the case for all d ≥ 9; by [DKSS23, Prop. 1.4], we know that S(6) \ S ′(6) = {37}.

It is perhaps tempting to assume that for large enough d, the only sporadic2 points of
degree d on X1(p) are CM points, as this seems to be the expectation for rational points
on modular curves in general. This would imply that S(d) ⊆ Primes(3d+1) for large d.
However, the data in the table in [vH14] suggest that there are many sporadic non-CM
points (like the degree 6 points on X1(37) mentioned above). Still, the bound p ≤ 3d+1
is consistent with this information for d ≥ 13.

1Let p = 3d + 1. There is a pair of quadratic points defined over Q(
√
−3) with j-invariant zero

on X0(p). The set-theoretic preimage gives a Galois orbit of points of degree 2 · p−1
2

· 1
3
= d on X1(p),

since the covering X1(p)→ X0(p) ramifies with index 3 above the points with j-invariant zero.
2A degree d point on a curve X is sporadic if it does not occur in a family of rational points in the dth

symmetric power X(d) of X parameterized by a projective space or positive-rank abelian variety.

2



1.1 New results

One of our aims in this paper is to show that such a bound for large d is implied by
conjectures on the sparsity of newforms of prime level and weight 2 that have unexpect-
edly large analytic rank. More concretely, “unexpectedly large” simply means “positive”
for a newform with nontrivial character (in this case there is no functional equation
forcing the parity of the rank) and “at least 2” for a newform with trivial character and
root number +1. See Conjectures 5.7 and 8.4 below. Under the assumptions of these
conjectures, we obtain our first main result.

Theorem 1.4. Assume the weak forms of Conjectures 5.7 and 8.4. Then maxS(d) ≤ 3d+1
for d sufficiently large and, in fact,

lim sup
d→∞

maxS(d)
d

= 3 .

The above theorem is a simplified version of the statements in Corollaries 9.2 and 9.6,
which provide more precise information on S(d).

The techniques used also apply, to a more limited extent, to the study of degree d
points on X0(p). Specifically, we show (again conditionally) that X0(p) does not have
any non-cuspidal points of small odd degree, and that all non-cuspidal points of small
even degree on X0(p) must come from points on X0(p)

+. To be more precise, we have
the following result.

Theorem 1.5 (Theorem 8.5). The weak form of Conjecture 8.4 implies the following:

(i) Fix an odd integer d ≥ 1. There exists p0(d) such that for all primes p ≥ p0(d), there
are no non-cuspidal points of degree d on X0(p).

(ii) Fix an even integer d ≥ 1. There exists p0(d) such that for all primes p ≥ p0(d), every
non-cuspidal point of degree d on X0(p) maps to a point of degree d/2 on X0(p)

+.

For the necessary background on modular curves, in particular the definition of the
modular curve XH between X1(p) and X0(p) for subgroups H of Aut(X1(p)/X0(p)) =
(Z/pZ)×/{±1}, see [DI95] or [DKSS23, Section 2].

We also provide numerical evidence for our conjecture on the sparsity of modular forms
with unexpectedly high rank.

Proposition 1.6 (Proposition 5.6). Let p < 200 000 be a prime and let χ be a nontrivial
even Dirichlet character modulo p of order n. Then there exists a newform f ∈ S2(Γ1(p), χ)
with L(f, 1) = 0 if and only if (p, n) is one of the 96 pairs in Table 2.

Thus, numerically it seems that modular forms in S2(Γ1(p), χ) with positive rank are
quite sparse. However, one does expect the existence of infinitely many primes p for
which such a newform exists. Indeed, in Proposition 6.5 we prove that if p is a prime
of the form (w2 +w+ 11)2 − 108, then there is an even Dirichlet character χ modulo p
and an f ∈ S2(Γ1(p), χ) of positive analytic rank. The proof of this involves a geometric
construction utilizing genus 2 curves with an automorphism of order 3 and a point of
infinite order in their Jacobian, and relies on the modularity of abelian varieties of GL2-
type. It would be interesting to see if one can provide a similar geometric explanation
for the other primes in Table 2.
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In this first part of a series of papers, we will focus on the asymptotic behavior of the
set S(d) as d tends to infinity. Further papers will continue the investigation of primes
as in Proposition 5.6 and consider specific small values of d.
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2 Kernels of Hecke correspondences

Let N ≥ 1 be an integer and fix a subgroup H ⊆ G := (Z/NZ)×/{±1}. We will denote
the modular curve X1(N)/H by XH. We denote by CH ⊆ XH the subscheme consisting
of the (finitely many) cusps.

We recall the following slight strengthening of [DKSS23, Prop. 2.3], using the observa-
tion that differences of rational cusps on XH are killed by Tq− ⟨q⟩−q when q ∤ N. Here
Tq denotes the qth Hecke operator and ⟨q⟩ is the diamond operator associated to q.

Proposition 2.1. Let q ∤ N be a prime and P ∈ JH(Q)tors such that q is odd or P is a sum
of a point of odd order and a point in the subgroup generated by differences of rational
cusps. Then (Tq − ⟨q⟩− q)(P) = 0.

The following is a more general version of [DKSS23, Prop. 2.4].

Proposition 2.2. Let N ≥ 1 be an integer and fix a subgroup H ⊆ G := (Z/NZ)×/{±1}.
Let h1, h2 ∈ Z≥0[G/H][x] be polynomials whose coefficients are linear combinations of
diamond operators on XH with nonnegative integer coefficients. We assume that h1 is
monic and that deg(h1) > deg(h2) ≥ 0. Let q ∤ N be a prime. Then t1 = h1(Tq) and
t2 = h2(Tq) can be considered as (effective) correspondences on XH, and so t = t1 − t2
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induces an endomorphism of the divisor group of XH over C. If D is a divisor on XH such
that t(D) is supported in cusps (e.g., t(D) = 0), then D is supported in cusps.

Proof. We set d1 = deg(h1) and d2 = deg(h2).

A non-cuspidal point x ∈ XH(C) corresponds to an elliptic curve E over C with addi-
tional structure. The point ⟨a⟩(x) corresponds to the same curve E (with modified extra
structure), and Tq(x) is a sum of points corresponding to all the elliptic curves that are
q-isogenous to E. We define the q-isogeny graph Gq to have as vertices the isomorphism
classes of all elliptic curves over C; two vertices are connected by an edge when there is
a q-isogeny between the corresponding curves. The distance between two vertices (in
the same connected component) is the number of edges in a shortest path connecting
them. There is a natural map γ from XH(C) \ CH(C) to the vertex set of Gq. Let x be
a non-cuspidal point in the support of a divisor D on XH and let Gq,x be the connected
component of Gq containing γ(x). Let E be the elliptic curve given by x. We distinguish
two cases.

First, assume that E does not have CM. Then Gq,x is an infinite (q+1)-regular tree. The
image under γ of the support of h1(Tq)(x) is contained in the d1-ball around γ(x) and
contains all the vertices at distance d1 from γ(x) (this is because h1 is monic), whereas
the image of the support of h2(Tq)(x) is contained in the d2-ball and (since d2 < d1)
does not contain vertices at distance d1 from γ(x). Now consider a vertex v of Gq,x

that has maximal possible distance from γ(x) among all vertices of the form γ(y) for
a non-cuspidal point y in the support of D. Let y1, . . . , yn be the points in the support
of D such that γ(yj) = v, and let w ∈ Gq,x be a point at distance d1 from v whose
distance from γ(x) is larger by d1 than that of v. Each h1(Tq)(yj) contains precisely
one point y ′

j such that γ(y ′
j) = w, and these points are distinct for distinct points yj

(since the map from XH to the j-line is étale above the points in Gq,x; here we use
that E does not have CM). Then w is not of the form γ(z) for a point z in the support
of h2(Tq)(D). This shows that t(D) has non-cuspidal points in its support when D has
non-CM non-cuspidal points in its support.

Now consider the case that E has CM by an order O in an imaginary quadratic field. If
q is inert in O, then Gq,x is a (q + 1)-regular tree again, and we can argue as before.
Otherwise, Gq,x has the structure of a “volcano”; see [Sut13]. For a CM elliptic curve
over C, this volcano has infinite depth. Concretely, this means that it consists of a
number of rooted (q + 1)-regular trees whose roots form a cycle (of length ≥ 1). We
can now argue as in the first case by choosing v to be a vertex of maximal level (i.e.,
distance from the root cycle) and w to be at distance d1 from v and level larger by d1.
This shows that there can be no CM points in the support of D as well. If j(x) = 0
(so disc(O) = −3) or j(x) = 1728 (so disc(O) = −4), the structure of Gq,x is slightly
different. It should be considered as a directed graph (with edges directed according
to the direction of the isogeny). The difference then is that the edges pointing away
from the root cycle have multiplicity 3 (resp., 2), whereas all other edges are simple.
The map from XH to the j-line is étale away from the root cycle, so in particular at the
vertex w, and it is still true that t(D) has positive coefficients at some points mapping
to w.

The only points that we have not excluded from the support of D are the cusps; this
proves the claim. □
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3 Gonality of modular curves

One of our workhorse results, Proposition 4.1, is based on a lower bound for the gonal-
ity of the modular curve we want to apply it to. Recall the following definition.

Definition 3.1. Let X be a smooth projective and geometrically irreducible curve over
a field k. The k-gonality of X, gonk(X), is the smallest degree of a non-constant rational
function on X defined over k.

Clearly, if k ⊆ K is a field extension, then gonk(X) ≥ gonK(X).

We write X(d) for the dth symmetric power of a curve X. Its points classify effective
divisors of degree d on X; in particular, the points in X(d)(K) correspond to K-rational
effective divisors of degree d on X. We will identify effective divisors and points on X(d)

in this paper without further mention. We write [D] for the linear equivalence class of
a divisor D.

The following is a trivial consequence of the definition above.

Lemma 3.2. Let X be a smooth projective and geometrically irreducible curve over a field k
and let x, y ∈ X(d)(k) be two points such that [x − y] = 0 in the Jacobian of X. If
d < gonk(X), then x = y.

Proof. The assumption [x − y] = 0 says that x − y, considered as a divisor of degree
zero, is the divisor of some rational function f ∈ k(X)×. If f were non-constant, it
would follow that deg(f) ≤ d < gonk(X), a contradiction. So f must be constant, which
implies that x− y = 0. □

We need some information on the gonality of the curves XH.

Theorem 3.3 (Yau, Abramovich, Kim-Sarnak). Let p be a prime number and let
H ⊆ (Z/pZ)×/{±1} be a subgroup. Then

gonQ(XH) ≥ γ
p2 − 1

2#H
with γ =

325

215
.

In particular,

gonQ(X1(p)) ≥ γ
p2 − 1

2
and gonQ(X0(p)) ≥ γ(p+ 1).

Proof. By [Abr96] and the fact that (p2−1)/(2#H) is the degree of the map πH from XH

to the j-line, we have that

gonQ(XH) ≥ gonC(XH) ≥
λ1

24
deg(πH) =

λ1

24

p2 − 1

2#H
,

where λ1 is the smallest positive eigenvalue of the Laplace operator on XH(C), and
by [Kim03], λ1 ≥ 975/4096. □

The argument given in Abramovich’s paper is originally due to Yau (unpublished).

Remark 3.4. Selberg’s Conjecture says that λ1 ≥ 1
4
. If it holds, then we can take γ = 1

96

in the bound above.
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Derickx and van Hoeij [DvH14] have determined the Q-gonality of X1(N) for N ≤ 40.
In these cases, the Q-gonality is achieved by a modular unit, i.e., a function on X1(N)
whose zeros and poles are cusps. We propose the following conjecture (compare Ques-
tion 1 in [DvH14]).

Conjecture 3.5. Let p be a prime. There is a modular unit f defined over Q on X1(p) such
that gonQ(X1(p)) = deg f.

According to [DvH14, p. 57]3, we have the upper bound (writing ⌊a⌉ for the integer
closest to a)

gonQ(X1(p)) ≤
⌊
11(p2 − 1)

840

⌉
.

In fact, at the time of writing, only three values of p are known for which X1(p) has a
Q-rational function of degree <

⌊
11(p2−1)

840

⌉
. These values are {31, 67, 101}; in these cases

a function of degree
⌊
11(p2−1)

840

⌉
− 1 is known according to the table in [DvH14].

In this light, it is interesting to ask the question whether the limit

lim
p→∞

gonQ(X1(p))

p2 − 1

exists, and if it does, whether it is closer to the upper bound 11
840

≈ 0.0131 or to the
lower bound 325

216
≈ 0.00496 (or 1

192
≈ 0.00521 under Selberg’s Conjecture).

The known growth of the gonality of X1(p) implies the following.

Proposition 3.6. There are constants C ′
1 ≥ C1 > 0 such that for all d ≥ 1,

Primes(
√

C1d+ 1) ⊆ S ′(d) ⊆ Primes(
√
C ′

1d+ 1) .

Proof. By a result of Frey [Fre94, Prop. 2], p ∈ S ′(d) implies gonQ(X1(p)) ≤ 2d. Com-
bined with Theorem 3.3, this gives the upper bound (with C ′

1 = 4γ−1). Conversely, if X
is a curve of genus g over Q with a rational point, then the Riemann-Roch Theorem im-
plies that there are functions in Q(X)× of exact degree d for each d ≥ max{1, 2g} (with
a pole of order d at the chosen rational point), so there are infinitely many points of
degree d on X (this uses the Hilbert Irreducibility Theorem). Since the genus of X1(p) is
(p− 5)(p− 7)/24 for p ≥ 5 and 0 for p = 2, 3, this gives the lower bound with C1 = 12:
if d ≥ (p2 − 1)/12, then d ≥ max{1, 2g(X1(p))}. □

4 A criterion for ruling out moderately large primes

In [DKSS23, Prop. 7.1], we gave a criterion, in terms of the gonality, for a point on X1(p)
of a given degree to arise as a pull-back from an intermediate modular curve. We extend
this result to intermediate curves XH and more general not necessarily prime level N,
which we anticipate will be useful for future applications (although we will only require
the case X1(p) with p prime in this paper).

3Actually there it is mentioned that gonQ(X1(p)) ≤
⌊
11p2

840

⌉
, but these values are equal as can be seen

by studying the possible values of 11p2 modulo 840.
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Proposition 4.1. Let d ≥ 1, let N be an integer, ℓ ∤ N a prime and let H be a subgroup
of (Z/NZ)×/{±1}. Let a ∈

(
(Z/NZ)×/{±1}

)
/H be such that

A := (⟨a⟩− 1)(JH(Q))

is finite. When ℓ = 2, we additionally assume that A[2∞] is killed by T2 − ⟨2⟩− 2 (by Pro-
position 2.1, this follows when A[2∞] is contained in the subgroup generated by differences
of rational cusps). We set

n =

{
2ℓ+ 1 if a ∈

{
ℓ, ℓ−1

}
,

2ℓ+ 2 if a /∈
{
ℓ, ℓ−1

}
.

Then any rational point on X
(d)
H of degree d < gonQ(XH)/n and without cusps in its

support is a sum of orbits under ⟨a⟩.

Remark 4.2. By Theorem 3.3, the inequality d < gonQ(XH)/n above holds when N = p
is prime and

d <
325

215
p2 − 1

2n · #H
.

We note that when N = p > 3 is prime, we can always take ℓ = 3; then n ≤ 8.

Proof. Compare the proof of [DKSS23, Prop. 7.1]. Our assumptions together with Pro-
position 2.1 imply that Tℓ − ⟨ℓ⟩− ℓ kills A. Let x ∈ X

(d)
H (Q) without cusps in its support.

Pick a rational cusp c ∈ XH. Then (⟨a⟩ − 1)[x] = (⟨a⟩ − 1)[x − d · c] + d(⟨a⟩[c] − [c])
is a sum of an element of A and a multiple of a difference of two cusps, both of which
are killed by Tℓ − ⟨ℓ⟩ − ℓ, so the same is true for (⟨a⟩ − 1)[x]. Rearranging the resulting
equation, we obtain the following linear equivalence of effective divisors on XH.

(⟨a⟩Tℓ + ⟨ℓ⟩+ ℓ) · x ∼ (Tℓ + ⟨ℓa⟩+ ℓ⟨a⟩) · x
If a ∈ {ℓ, ℓ−1}, then we can cancel ⟨ℓ⟩x or x, so that the divisors on both sides of the
resulting equivalence have degree (2ℓ + 1)d; otherwise they have degree (2ℓ + 2)d. So
in both cases, this degree is nd. By Lemma 3.2, it follows that both sides are equal as
divisors, so

(Tℓ − ⟨ℓ⟩− ℓ) · (⟨a⟩x− x) = 0 .

Then Proposition 2.2 implies that ⟨a⟩x− x is supported on cusps. As x does not contain
cusps in its support by assumption, it follows that ⟨a⟩x = x, which is equivalent to
saying that x is a sum of orbits of ⟨a⟩. □

Regarding the extra condition when ℓ = 2 in the case XH = X1(p), we quote the follow-
ing, which is Conjecture 6.2.2 in [CES03].

Conjecture 4.3. Let p be a prime. Then the rational torsion subgroup of J1(p) is generated
by differences of rational cusps.

Remark 4.4. In [CES03], this is shown for all primes p ≤ 157 with the exception of

p ∈ {29, 97, 101, 109, 113} ,

and in these cases, they bound the index of the subgroup generated by differences
of rational cusps by 26, 17, 24, 37, and 212 · 32, respectively. In [DKSS23, Thm. 3.2],
the conjecture is shown for p = 29. Davide De Leo establishes the conjecture for the
remaining open cases (for p ≤ 157) in his Master’s thesis [DL24,DLS25]. This implies in
particular that the 2-primary part of J1(p)(Q)tors is contained in the subgroup generated
by differences of rational cusps for all p ≤ 157.
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We fix N = p to be a prime in the following.

Remark 4.5. The orbits under ⟨a⟩ on X1(p) have length ord(a) (the order of a as an
element of (Z/pZ)×/{±1}) unless

• 3 | ord(a), so necessarily p ≡ 1 mod 6, and the points map on X0(p) to points corre-
sponding to pairs (E,C) with j(E) = 0 and C the kernel of an element π ∈ EndC(E) ≃
Z[ω] of norm p, where ω is a primitive cube root of unity; such an orbit has length
ord(a)/3, or

• 2 | ord(a), so necessarily p ≡ 1 mod 4, and the points map on X0(p) to points
corresponding to pairs (E,C) with j(E) = 1728 and C the kernel of an element
π ∈ EndC(E) ≃ Z[i] of norm p, where i is a primitive fourth root of unity; such
an orbit has length ord(a)/2.

We consider the case that x ∈ X1(p)
(d)(Q) comes from a non-cuspidal point of degree d

on X1(p), say corresponding to the pair (E, P) of an elliptic curve E defined over a num-
ber field K of degree d and a point P ∈ E(K) of order p, such that K = Q(E, P) (i.e., the
Galois action on the support of x is transitive). Then the conclusion of Proposition 4.1
implies that for every m ∈ Z with p ∤ m such that the image of m in (Z/pZ)×/{±1} is
in the subgroup generated by a, (E,mP) is isomorphic to a Galois conjugate of (E, P).
This fact can be expressed as follows. Recall that we can always take (ℓ = 3 and) n = 8
in Proposition 4.1.

Corollary 4.6. Let d ≥ 1 be an integer and let p be a prime such that 8d < gonQ(X1(p)).
Assume that there is some nontrivial subgroup H of (Z/pZ)×/{±1} such that all simple
factors of J1(p) of positive (analytic) rank are factors of JH.

Let x ∈ X1(p)
(d)(Q) be a point without cusps in its support. Then either x contains points

with j-invariant 0 or 1728, or d = m ·#H for some integer m and x arises as the pull-back
of a point in X

(m)
H (Q).

Proof. We take a to be a generator of (the cyclic group) H; then A in Proposition 4.1 is
finite since by assumption, all its isogeny factors have analytic rank and hence Mordell-
Weil rank zero [Kat04]. The gonality condition in Proposition 4.1 is also satisfied by
assumption. So x is a sum of H-orbits. If the support of x does not contain points with
j-invariant 0 or 1728, then all these H-orbits in x have length #H, which shows that
d = m · #H for some integer m. This also implies that x is the pull-back of a point
in X

(m)
H (Q). □

The following lemma gives more precise information on when we can apply this corol-
lary.

Lemma 4.7. Let f1, . . . , fn be the newforms in S2(Γ1(p)) that have positive analytic rank,
and let χ1, . . . , χn be their nebentypus characters. Let H ⩽ (Z/pZ)×/ {±1} be a subgroup.
Then all simple factors of J1(p) of positive (analytic) rank are factors of JH if and only if

H ⩽
n⋂
i=1

kerχi .

Note that the characters are even, so we can consider them as characters on (Z/pZ)×/ {±1}.

Proof. Define ΓH ⊆ Γ0(p) to be the congruence subgroup given by the matrices of the
form ( a b

c d ) such that a ∈ H. Then the simple isogeny factors of JH are exactly the abelian
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varieties Af corresponding to the newforms in S2(ΓH). Now (Z/pZ)× acts on S2(Γ1(p))
through the diamond operators and one has that S2(ΓH) = S2(Γ1(p))

H, where S2(Γ1(p))
H

is the space of forms invariant under the action of H. Now the nebentypus character
describes the action of H on S2(Γ1(p)); indeed, if a ∈ (Z/pZ)×, then ⟨a⟩fi = χi(a)fi. In
particular, fi ∈ S2(ΓH) if and only if H ⩽ kerχi, and the statement follows. □

We would like to take H = (Z/pZ)×/{±1}. We can do that unless there is a positive-rank
factor of J1(p) that corresponds to an orbit of newforms with nontrivial character. Such
an orbit exists by definition if and only if p is strange in the sense of Section 5 below.
We will come back to the implications for S(d) in Section 7.

5 Strange primes

In view of the criterion discussed in Section 4, we make the following definition. We
state it for general levels N, even though we will be only concerned with prime levels
in this paper.

Definition 5.1. Let N ≥ 1 be an integer, χ a Dirichlet character of modulus N and let f
be a newform for Γ1(N) of weight 2 and character χ.

(1) The newform f is strange if χ is nontrivial and L(f, 1) = 0, i.e., the analytic rank of
the associated abelian variety Af is positive.

(2) The character χ is strange if there exists a divisor M | N and a strange newform f of
weight 2 on Γ1(M) with character χ ′ such that χ is the character modulo N induced
by χ ′.

(3) N is strange if there is a strange newform whose level divides N.
(4) The strangeness str(N) of N is the order of the group generated by all strange

characters mod N. In particular, str(N) > 1 if and only if N is strange.
(5) The new strangeness dimension strdimnew(N) of N is the number of strange new-

forms at level N.
(6) The strangeness dimension strdim(N) is defined as

strdim(N) =
∑
M|N

τ(N/M) strdimnew(M) ,

where τ(n) denotes the number of divisors of n. In particular, strdim(N) > 0 if and
only if N is strange.

The formula for the definition of strdim in terms of strdimnew is motivated by the Atkin-
Lehner-Li decomposition

Sk(Γ1(N)) ∼=
⊕
M|N

⊕
d|N/M

Sk(Γ1(M))new .

It counts a strange newform of level M | N with the multiplicity it occurs in S2(Γ1(N)).

Since there are no newforms of level 1 and weight 2 it follows that for a prime p one
has strdim(p) = strdimnew(p).

Whether a newform is strange depends only on its Galois orbit; see Proposition 5.3
below. We first state a lemma that will allow us to translate the analytic statement on
the order of vanishing of L(f, s) at s = 1 into an algebraic statement.

Fix N ≥ 1. Let T denote the Hecke algebra, i.e., the subring of the endomorphism ring
of S2(Γ1(N)) generated by the Hecke operators Tp for primes p ∤ N. For any ring R, we
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write TR = T⊗Z R. We fix an embedding Q̄ ↪→ C. Let f ∈ S2(Γ1(N)) be a (normalized)
newform. Then it is a well-known result (“multiplicity one”) that there is an idempotent
ef ∈ TQ̄ ⊆ TC such that ef · S2(Γ1(N)) = Cf. This means that for p ∤ N, Tpef = ap(f)ef.
The absolute Galois group of Q permutes the idempotents ef in the same way as it
permutes the newforms f.

The lemma below is a variation on the vanishing condition in [Par99, Lemma 3.10]
that is more suitable for our applications. For a ring R, we denote by M2(Γ1(N), R)+ the
plus-part of the space of R-valued modular symbols on Γ1(N), and by S2(Γ1(N), R)+ its
cuspidal subspace. Integration gives a Hecke compatible pairing

⟨·, ·⟩ : S2(Γ1(N))×M2(Γ1(N),C)+ → C

whose restriction to S2(Γ1(N)) × S2(Γ1(N),C)+ is non-degenerate; see [Ste07, Theo-
rem 8.23]. We denote by e the image of the winding element − {0,∞} ∈ M2(Γ1(N),Z)+
under the map

M2(Γ1(N),C)+ → HomC
(
S2(Γ1(N)),C

)
∼= S2(Γ1(N),C)+

induced by the integration pairing; e is rational by the Manin–Drinfeld Theorem; see
[DKSS23, Definition 2.1]. Note that T acts in a natural way on S2(Γ1(N),Q)+.

Lemma 5.2. Let f be as above. Then L(f, 1) = 0 if and only if ef · e = 0.

Proof. Under the integration pairing,

L(f, 1) = −2πi⟨f, {0,∞}⟩ = 2πi⟨f, e⟩ .

So L(f, 1) = 0 iff ⟨f, e⟩ = 0. Since ef · S2(Γ1(N)) = Cf, one has that ⟨f, e⟩ = 0 if
and only if for all g ∈ S2(Γ1(N)) one has ⟨ef · g, e⟩ = 0. Hecke compatibility implies
⟨ef · g, e⟩ = ⟨g, ef · e⟩, so that the lemma follows from the pairing being non-degenerate
on S2(Γ1(N))× S2(Γ1(N),C)+. □

Proposition 5.3. Let N be an integer and f1, f2 ∈ S2(Γ1(N)) a pair of Galois conjugate
newforms. Then L(f1, 1) = 0 if and only if L(f2, 1) = 0. Similarly, if f1, f2 ∈ S2(Γ0(N)),
then f1 has positive even analytic rank if and only if f2 has positive even analytic rank.

Proof. To lighten notation, we write ei for the idempotent efi. Since f1 and f2 are Galois
conjugate, the idempotents e1 and e2 are as well (under the natural Galois action on
TQ̄). The winding element e is fixed by the Galois action, hence e1 · e and e2 · e are also
Galois conjugate. Using Lemma 5.2 we obtain the following chain of equivalences.

L(f1, 1) = 0 ⇐⇒ e1 · e = 0 ⇐⇒ e2 · e = 0 ⇐⇒ L(f2, 1) = 0 .

This proves the first claim. For the second claim, we also use that the eigenvalue under
the Fricke involution (and hence the parity of the analytic rank) is constant on Galois
orbits. □

Remark 5.4. The sum e ′
f = Tr ef ∈ TQ of the idempotents associated to the newforms

in the Galois orbit of f is an idempotent defined over Q such that TQe
′
f
∼= Q(f), the

field of coefficients (= Hecke eigenvalues) of f. We see from the proof above that
ef · e = 0 ⇐⇒ e ′

f · e = 0. This gives a “rational” condition that allows us to check
computationally whether f is strange or not; see below.
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Corollary 5.5. Let N ≥ 1 be an integer. Denote by S(N) the set of all strange newforms
for Γ1(N). Let further ℓ be some prime. Then the polynomial

hN(x) =
∏

f∈S(N)

(x− aℓ(f))

has coefficients in Z. The corresponding statement is valid for the set of newforms of
positive even analytic rank for Γ0(N).

Proof. This follows from the fact that the Galois action on the newforms induces a Ga-
lois action on the coefficients (which are algebraic integers) and from Proposition 5.3,
which shows that S(N) is a union of Galois orbits. □

The LMFDB has complete data of all newforms of weight 2 up to level 1000. In this
range, there are only nine strange primes p, and for each of these primes, there is
exactly one Galois orbit of strange newforms. They are given in Table 1. The column
labeled “ord(χ)” gives the order of the associated character. Since there is only one orbit
of strange newforms per level, Lemma 4.7 implies that ord(χ) is equal to the index of
the largest subgroup H we can take in Corollary 4.6 for the prime p. We also give the
order of this maximal H.

level ord(χ) dimAf #H

61 6 2 5

97 12 4 4

101 10 4 5

181 6 2 15

193 12 4 8

409 12 4 17

421 6 2 35

733 6 2 61

853 6 2 71

TABLE 1. Newforms f of weight 2, nontrivial character χ and prime level
p < 1000 such that L(f, 1) = 0.

We have extended the range of the LMFDB data by a computation, as follows. Let
p be the prime we want to test for strangeness. Pick a (reasonably large, but not
too large, say between 222 and 223.5; the upper bound is the threshold below which
Magma’s finite-field arithmetic is fast) prime q ≡ 1 mod p − 1. Working mod q, all the
Dirichlet characters mod p take values in F×

q . So we can compute the space of modular
symbols over Fq associated to any given (even) Dirichlet character χ mod p (we take
the subspace fixed by the star involution). We know that (Tℓ − ℓ⟨ℓ⟩ − 1)(Tℓ − ⟨ℓ⟩ − ℓ)
maps the modular symbol e = − {0,∞} into the cuspidal subspace, for every prime ℓ.
We find the smallest ℓ ̸= p such that the resulting element is nonzero (almost always
ℓ = 2). Write e ′ for this element of the cuspidal subspace. We compute the subspace
Fq[T2] · e ′ (as the Krylov subspace of e ′ under T2) and enlarge it by saturating it under
the action of the Tℓ with ℓ < 30. If the resulting subspace is the full cuspidal subspace,
then the projection of the winding element e into any of the newform spaces associated
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to χ (over Q) is nonzero, and it follows that χ is not strange. If, on the other hand, we
obtain a smaller subspace, then it is quite likely that χ is indeed strange (since q is taken
to be reasonably large); the difference d in dimension between the full cuspidal space
and the subspace gives a bound on the number of strange newforms with character χ.
To rigorously prove that there are exactly d such newforms, we perform a similar (but
much slower) computation in characteristic zero over Q(ζn), where n is the order of χ.
This works because (Tℓ − ℓ⟨ℓ⟩ − 1)(Tℓ − ⟨ℓ⟩ − ℓ) is invertible on the space associated
to any newform f: we have aℓ(f) /∈ {ℓχ(ℓ) + 1, χ(ℓ) + ℓ}; otherwise aℓ(f) = χ(ℓ)aℓ(f)

(see [Rib77, page 21]) would imply χ(ℓ) = 1 and aℓ(f) = ℓ + 1, but |aℓ(f)| ≤ 2
√
ℓ. (For

details, see [DS26, file strange primes.magma].)

Drew Sutherland, using code written by the first author of this paper, found all can-
didates for strange characters modulo primes p < 105. The second author used inde-
pendently written code to corroborate these results for p < 50 000 and to verify that
candidates for strange characters are indeed strange. These computations were done
using the Modular Symbols functionality of Magma [BCP97]. We have re-checked this
computation by running the new version of the program produced by Claude Code
under our guidance; the computation took roughly half a week on a machine with
16 cores. We then extended the computation to all primes below 200 000 within two
further weeks on the same machine. The result is the following.

Proposition 5.6. Let p < 200 000 be a prime and let χ be an even Dirichlet character
modulo p. The character χ is strange if and only if p and the order of χ are listed in Table 2.

There are just 95 strange primes up to 2 · 105. Why should we expect strange primes to
be rare? The L-series of a newform f for Γ0(p) satisfies a functional equation L(f, 2−s) =
±L(f, s) with sign the negative of the eigenvalue of f under the Fricke involution wp.
So the analytic rank must be odd when f is invariant under wp. When the character χ
of f is nontrivial, however, the coefficient field of f is no longer totally real, but instead
totally complex (this follows from the relation aℓ = χ(ℓ)āℓ for primes ℓ ̸= p; see [Rib77,
page 21]), and the functional equation has the form L(f̄, 2 − s) = εL(f, s) with |ε| = 1.
So the functional equation does not force a zero at s = 1, and we can expect it to be
rare for a zero to occur, and particularly so when the Galois orbit of f is large.

One can also use similar heuristics as in Section 8 below: A strong version of the
analogue of Maeda’s Conjecture for the newforms of level p with a given non-trivial
character would say that there should only be few small Galois orbits and one very large
one (which is consistent with experimental observations), and there may be reason to
believe that the total size of the small orbits grows only slowly or is even uniformly
bounded. An analogue of the result of Iwaniec and Sarnak mentioned in Section 8
would then imply that strdim(p) is bounded by the total size of the small orbits.

Based on the data and heuristics above, we propose the following conjecture.

Conjecture 5.7.

(1) (Weak form)

lim
p→∞

strdim(p)

logp
= 0

as p runs through all prime numbers.
(2) (Strong form) The strangeness dimension strdim(p) is uniformly bounded as p runs

through all prime numbers.
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p 61 97 101 181 193 409 421 733 853

ord(χ) 6 12 10 6 12 12 6 6 6

strdim(p) 2 4 4 2 4 4 2 2 2

p 1021 1777 1801 1861 2377 2917 3229 3793 4201

ord(χ) 30 3 5 6 12 6 3 12 3

strdim(p) 8 2 4 6 4 2 2 4 2

p 4733 5441 5821 5953 6133 6781 7477 8681 8713

ord(χ) 7 10 6 3 6 6 14 10 4, 12

strdim(p) 6 4 2 2 2 2 6 4 4+ 4

p 10093 11497 12941 14533 15061 15289 17041 17053 17257

ord(χ) 6 3 10 6 6 12 3 6 12

strdim(p) 2 2 4 2 4 4 2 2 4

p 18199 20341 22093 23017 23593 26161 26177 28201 29569

ord(χ) 3 6 6 12 12 3 4 3 2

strdim(p) 4 2 2 4 4 2 4 2 2

p 31033 31657 32497 35521 35537 36373 39313 41081 41131

ord(χ) 3 3 3 3 4 6 12 5 3

strdim(p) 2 2 2 2 4 2 4 4 2

p 41593 42793 48733 52561 52691 53113 53857 63313 63901

ord(χ) 12 3 6 3 5 12 12 12 6

strdim(p) 4 2 2 2 4 4 4 4 2

p 65171 65449 66973 68737 69061 69401 69457 73009 86113

ord(χ) 5 12 6 12 6 5 4 12 12

strdim(p) 4 4 2 4 2 4 4 4 4

p 86161 96289 105517 105751 109453 114553 114889 131203 133117

ord(χ) 4 12 6 5 6 3 12 3 6

strdim(p) 4 4 2 4 2 2 4 4 2

p 134257 139021 140401 151213 151429 155593 159073 161977 162529

ord(χ) 12 6 3 6 6 12 3 12 3

strdim(p) 4 2 2 2 2 4 2 4 2

p 173431 178897 192613 195817 199873

ord(χ) 5 3 6 12 3

strdim(p) 4 2 2 4 2

TABLE 2. Strange primes p < 200 000, orders of strange characters mod p,
and the strangeness dimension of p. Each dimension given corresponds
to one Galois orbit of newforms.

Part (2) of this conjecture implies that str(p) is uniformly bounded for all primes p,
since the size of the Galois orbit of a strange newform is a multiple of φ(ord(χ)), where
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χ is the associated strange character and φ is the Euler totient function. So a bound
on strdim(p) implies a bound on ord(χ) and therefore also a bound on str(p).

The strangeness dimensions of all primes below 2 ·105 are bounded by 8 (8 occurs twice
and 6 three times, all for p < 10 000; for p > 10 000 all strangeness dimensions are at
most 4), and the characters have order bounded by 30 (occurring once; 14 occurs once,
all other orders are at most 12). From the data, it therefore appears to be possible that

max
p

str(p) = 30 and lim sup
p→∞ str(p) = 12

and that
max

p
strdim(p) = 8 and lim sup

p→∞ strdim(p) = 4.

6 A source of strange primes

In the following, we describe a source of strange primes p such that the character of
the strange newforms has order 6 and the Galois orbit of these newforms has length 2.
This case occurs several times in Table 2, including for fairly large primes.

Consider a curve X of genus 2 over Q such that X has an automorphism σ of order 3 de-
fined over Q. Denote the Jacobian variety of X by J. Since the hyperelliptic involution ι
of X is in the center of the automorphism group, σ induces an automorphism of order 3
of P1

Q. We can take this automorphism to be given by x 7→ 1
1−x

. Then the curve X has a
model of the form

(6.1) y2 = rF1(x, z)
2 + sF1(x, z)F2(x, z) + tF2(x, z)

2

with r, s, t ∈ Z and

F1(x, z) = xz(x− z) and F2(x, z) = x3 − x2z− 2xz2 + z3.

The action of σ is (x : y : z) 7→ (z : y : z − x); σ has four fixed points (satisfying
x2 − xz+ z2 = 0), so the quotient curve X/⟨σ⟩ has genus 0. This implies that all divisors
of the form P + σ(P) + σ2(P) (where P is a point on X) are linearly equivalent. This
means that σ2 + σ + 1 = 0 in End(J), so that Z[ω] ⊆ EndQ(J), where ω is a primitive
cube root of unity. In particular, if J is simple, then J is an abelian surface of GL2-type
and therefore occurs as a simple factor of J1(N) for some N such that the conductor
of J is N2; see [Rib04, KW09a, KW09b]. Since the endomorphism algebra contains the
CM field Q(ω), the associated character must be nontrivial. So if we can arrange for J
to have conductor p2 for some prime p and to have positive (analytic) rank, then the
associated pair of newforms for Γ1(p) will be strange.

The discriminant of the model of X given in (6.1) above is

∆(r, s, t) = 28(s2 − 4rt)3
(
1
4
((2r+ s− 13t)2 + 27(s+ t)2)

)2
.

If the right hand side in (6.1) is a square modulo 4, then we can “un-complete the
square” and get a new model that is still integral and whose discriminant is ∆(r, s, t)/220.
If we assume that not all of r, s, t are divisible by 4, then we are in this case exactly when

(r, s, t) ≡ (0, 0, 1), (1, 0, 0) or (1, 2, 1) mod 4.

In this case, 24 | s2 − 4rt (and the last factor in the expression for ∆(r, s, t) above is an
integer).
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Let p ≡ 1 mod 6 be a prime. To get a curve X with (minimal) discriminant ±p2, we can
set

s2 − 4rt = ±24 and (2r+ s− 13t)2 + 27(s+ t)2 = 4p.

Then, up to perhaps a common sign change, (r, s, t) satisfy one of the congruences
above, and we do obtain a curve with discriminant ±p2. Since p ≡ 1 mod 3, we
can always write 4p = u2 + 27v2, and u and v are uniquely determined up to sign.
Expressing r and s in terms of u, v and t, the first equation becomes

27t2 + 2ut− v2 ± 24 = 0.

The discriminant of this quadratic equation in t is

4(u2 + 27v2 ∓ 24 · 27) = 42(p∓ 108).

So if there is to be a solution, p∓ 108 = m2 must be a square. The solutions are then

t =
−u± 2m

27
,

and since u2 + 27v2 = 4p = 4m2 ± 432, we have that u ≡ ±2m mod 27, so that one of
the two possibilities will lead to an integral solution. We summarize the discussion so
far. Note that the conductor of J must be p2 if the discriminant of X is ±p2, since the
conductor must be a square and it divides the discriminant.

Proposition 6.1. Let m ∈ Z be such that p = m2 ± 108 is a prime. Write 4p = u2 + 27v2

with u, v ∈ Z such that u ≡ 2m mod 27 and set t = (2m − u)/27 ∈ Z. Then the
curve X in (6.1) with (r, s, t) or (−r,−s,−t), where r = (u − v)/2 + 7t and s = v − t,
the sign chosen so that r ≡ 1 mod 4 or t ≡ 1 mod 4, has minimal discriminant ±p2. If its
Jacobian J is simple, it occurs as a simple factor of J1(p) with nontrivial character.

In the case p = m2 + 108 = m2 + 27 · 22, we must have u = 2m and v = ±4, because
u and v are essentially unique. We then obtain t = 0 and r = ±m − 2, s = 4, with
the sign chosen so that r ≡ 1 mod 4. (The alternative r = ±m + 2, s = −4 leads to an
isomorphic curve). The right hand side splits as a product of xz(x−z) and a cubic (with
cyclic Galois group). Since u and v are even, 2 is a cubic residue mod p by a famous
result due to Gauss.

In the other case, t ̸= 0, since u = 2m would force v2 to be negative.

We note that there are two primes, p = 733 and p = 2917 that can be written as m2+108
and as m2 − 108 (with different m). For these primes, we obtain two non-isomorphic
curves.

The list of all primes p < 2 · 105 such that p = m2 + 108 is as follows.

109, 157, 229, 277, 397, 733, 1069, 1789, 2917, 4597, 5437, 6037, 6997, 7333, 8389,

9133, 15733, 19429, 24133, 26029, 27997, 28669, 32869, 37357, 38917, 39709,

43789, 51637, 55333, 58189, 60133, 67189, 72469, 76837, 87133, 90709, 93133, 101869,

105733, 117757, 121909, 124717, 142237,151429, 152989, 162517, 185869, 187597.
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The list of all primes p < 2 · 105 such that p = m2 − 108 is as follows.

13,61,181,421,733,853, 1117, 1741, 2293,2917, 3373, 3613, 4933,5821,6133,
6781,10093, 10501,14533,17053, 17581, 18661, 19213,20341,22093, 23917,
30517, 32653,36373, 43573,48733, 51421, 54181, 55117, 57973, 60901,63901,

66973,69061, 70117, 72253, 78853, 82261, 89293, 97861, 101653,105517,109453,
117541,133117, 134581,139021, 146581,151213, 165541, 167173, 175453,192613.

The numbers in boldface are those for which the associated Jacobian has positive rank.
In each of these cases, there is a pair of strange newforms; these newforms all have
character of order 6. Conversely, all strange newform orbits of size 2 for a character
of order 6 within our table are associated to curves X of the type considered here.
Somewhat surprisingly, only one of the primes of the form m2 + 108 in this range leads
to a Jacobian of positive rank. (Amusingly, it has a strange “twin” of the form m2 − 108
with the same m = 389.)

If we assume that the “probability” that a number of the form N = m2 − 108 is prime
is a constant multiple of 1/ logN (which seems reasonable), then we expect the sum
over logp for such primes p < B to grow like a constant times

√
B. If we assume that

all strange characters of order 6 are obtained in this way, then the corresponding sum
over the associated primes will grow at most like a constant times

√
B.

Question 6.2. Is it true that every pair of strange newforms with character of order 6
is associated to the Jacobian of a curve of the form above? (Note that there are strange
newforms with character of order 6 at primes 1861 and 15 061 (which are not of the
form m2 ± 108), but they come in Galois orbits of sizes 6 and 4, respectively.)

Question 6.3. Why is it rare for a curve as above associated to a prime p = m2 + 108
to have Jacobian with positive Mordell-Weil rank?

Question 6.4. Are there similar explanations for the other cases that seem to occur
relatively frequently? This refers to pairs of newforms with character of order 3 and to
quadruples of newforms with character of order 5 or 12 (or possibly 4).

We will come back to these questions in a follow-up paper. It appears that there may be
geometric constructions similar to the one considered here related to newform spaces
of certain dimensions and character orders. For example, two-dimensional newform
spaces at prime level p associated to cubic characters should correspond to (isogeny
classes of) elliptic curves E over Q of conductor p2 and with reduction type IV or IV∗

at p. Assuming BSD, such a newform space is strange if and only if E gains rank after a
base-change to the cyclic cubic field of conductor p.

Assuming Bunyakovsky’s conjecture [Bou57, No. 10], we can at least show that there
are infinitely many strange primes of the type considered above.

Proposition 6.5. Let w be a positive integer. If

(6.2) p = w4 + 2w3 + 23w2 + 22w+ 13 = (w2 +w+ 11)2 − 108

is a prime, then there is a pair of strange characters of order 6 at level p; in particular, p is
strange.

Proof. We set
u = 2w2 + 2w− 5, v = 2w+ 1, t = 1,
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so
r = w2 + 4, s = 2w, t = 1.

Then the curve

Xp : y
2 = rF1(x, z)

2 + sF1(x, z)F2(x, z) + tF2(x, z)
2

is of the type above for the prime p, and it contains the rational point P = (0 : 1 : 1).
Denoting by ι the hyperelliptic involution, we show that P − ι(P) represents a point Q
of infinite order on the Jacobian Jp of Xp. Reducing mod 3 and mod 5, we find that the
point has order 19 mod 3 when 3 | w2 + w and order 3 otherwise, and it has order 19
mod 5 when 5 | w2 +w and order 6 or 9 otherwise. If 15 does not divide w2 +w, this
implies that the orders of the reduced points differ. Since the reduction modulo an odd
prime is injective on the torsion subgroup, these orders must agree when the point has
finite order in Jp(Q). This shows that the point must have infinite order. If 15 | w2 +w
and Q has finite order, it must have order 19. We can construct the curve above with
w an indeterminate and compute 19 times the image of Q on the associated Kummer
surface. If this is to be the origin, the first three of the four coordinates must vanish
simultaneously, which results in a polynomial equation that w has to satisfy; it turns
out that the only such values are w ∈ {−1, 0}, which are excluded by our assumptions.

So Jp(Q) has positive rank. All possible reductions mod 11 of Xp (for w ̸≡ 5 mod 11;
otherwise the expression for p is divisible by 11) have a zeta function with irreducible
numerator, so Jp must be simple over Q. Since Jp is a simple factor of J1(p) of positive
rank, by [KL89] and [Kat04], it follows that the two associated newforms have positive
analytic rank. Considering the Euler factor at 2 (it only depends on w mod 4 and is in
fact independent of w) shows that the associated character has order 6: a priori, its
order has to divide 6 since it takes values in End0

Q(Jp) = Q(σ); from the factorization of
the Euler factor over Q(σ) we see that χ(2) is a primitive sixth root of unity. This shows
that the characters of order 6 mod p are strange. □

Remark 6.6. Note that for w ∈ {−1, 0}, we have p = 13, and the resulting curve
is X1(13), whose Jacobian has rank zero and rational torsion of order 19.

We note that Proposition 6.5 explains the strange primes

p = 61, 181, 421, 853, 6781, 10093, 14533, 20341, 48733

in our list (where w = 1, 2, 3, 4, 8, 9, 10, 11, 14, respectively). The next one is p = 223 621
for w = 21, slightly outside our table.

Assuming Bunyakovsky’s conjecture for the polynomial in w in (6.2), Proposition 6.5
implies that there are infinitely many strange primes.

To check the computational claims made in this section, run Magma with [DS26,
section6.magma].

7 Behavior of S(d) for large d

We now consider what we can say about S(d) when d gets large.

Since it is more convenient to work with points of exact degree d on X1(p), we make
the following definition.

Definition 7.1. Let d ≥ 1 be an integer. Then Snew(d) denotes the subset of S(d)
consisting of primes p such that X1(p) has a non-cuspidal point of exact degree d.
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In other words, p ∈ Snew(d) means that there is a number field K of degree d and
x ∈ X1(p)(K) such that for all strict subfields L ⊊ K one has that x is not in X1(p)(L).
Since the modular curve X1(p) is a fine moduli space, this can also be stated in terms
of elliptic curves: p ∈ Snew(d) means that there is a pair (E, P) defined over a number
field K of degree d such that (E, P) is not Q̄-isomorphic to a pair (E ′, P ′) over a strict
subfield L ⊊ K.

Remark 7.2. We have S(d) =
⋃

d ′|d Snew(d
′), where the union is over all (positive) divi-

sors d ′ of d.

We have the following consequence of Proposition 4.1.

Corollary 7.3. Let p be an odd prime. Let H be the subgroup of (Z/pZ)×/{±1} that is the
intersection of the kernels of all strange characters for p (then the index of H is str(p)).
Pick a generator a of H and let n be as in Proposition 4.1 for a and X1(p) (with ℓ = 2 if
the condition there is satisfied, else ℓ = 3). Let d ≥ 1 be an integer. If p ∈ Snew(d), then
one of the following holds.

(a) d ≥ gonQ(X1(p))/n.
(b) p ≡ 1 mod 6 and d = (p− 1)/3.
(c) p ≡ 1 mod 4 and d = (p− 1)/2.
(d) d is a multiple of #H = (p−1)/(2 str(p)), say d = m·#H, and there is a non-cuspidal

point of degree m on XH.

Proof. Since p ∈ Snew(d), there is a point x ∈ X1(p)
(d)(Q) coming from a non-cuspidal

degree d point y on X1(p). We assume that nd < gonQ(X1(p)), so that we are not in
case (a). Then A =

(
⟨a⟩−1

)(
J1(p)(Q)

)
is finite: by Lemma 4.7 and the definition of H,

every simple factor of J1(p) of positive analytic rank is a factor of JH; now use [KL89,
Kat04] as in the proof of Corollary 4.6. So by Proposition 4.1, x is a sum of orbits of H.
Since orbit length is stable under the action of the Galois group, all orbits occurring in x
have the same length. This length can be #H, #H/2, or #H/3; compare Remark 4.5.

(i) If the orbit length is #H, then d = m · #H for some integer m ≥ 1. Each H-orbit
in the support of x is the pull-back of a point of degree m on XH, so we are in
case (d).

(ii) If the orbit length is #H/2, then p ≡ 1 mod 4, and y maps to a point on X0(p)
corresponding to an elliptic curve E with j-invariant 1728 together with one of
the two subgroups of E of order p stable under Z[i]. Such a point has field of
definition Q(i), which is the CM-field of E. So Q(i) is contained in the field of
definition of y; in particular, d is even. By [Sil88], it follows that p − 1 ≤ 2d. On
the other hand, there are exactly (p−1)/2 points on X1(p) above the two relevant
points on X0(p) ((p − 1)/4 above each of the two; the covering is ramified with
index 2 at these points). This implies that d = (p− 1)/2, and we are in case (c).

(iii) If the orbit length is #H/3, then p ≡ 1 mod 6, and we can argue as in the pre-
vious case with j = 0 in place of j = 1728 and Z[ω] (and Q(ω)) in place of Z[i]
(and Q(i)) to deduce that we must be in case (b). □

At the cost of a worse bound on d, we can work with a generator a of (Z/pZ)×/ {±1}
even when p is a strange prime. The bound depends on the strangeness dimension of p,
strdim(p).
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Corollary 7.4. Let p > 3 be an odd prime. Pick a generator a of (Z/pZ)×/ {±1} and let n
be as in Proposition 4.1 for a and X1(p) (with ℓ = 2 if the condition there is satisfied, else
ℓ = 3). Let d ≥ 1 be an integer. If p ∈ Snew(d), then one of the following holds.

(a) d ≥
gonQ(X1(p))

n
⌊
(2
√
2+ 3)strdim(p)

⌋ .

(b) p ≡ 1 mod 6 and d = (p− 1)/3.
(c) p ≡ 1 mod 4 and d = (p− 1)/2.
(d) d is a multiple of (p− 1)/2, say d = m(p− 1)/2, and there is a non-cuspidal point of

degree m on X0(p).

Proof. Let f1, . . . , fm, with m = strdim(p), be the strange newforms at level p, and
set h =

∏m
j=1(x − a2(fj)) ∈ Z[x] (compare Corollary 5.5). This polynomial has roots

bounded in absolute value by 2
√
2, so the coefficient hj of xj is bounded by

(
m
j

)
(2
√
2)m−j.

Similarly to our previous considerations in the proof of Proposition 4.1, it follows that

t = (Tℓ − ⟨ℓ⟩− ℓ)h(T2)(⟨a⟩− 1)

annihilates J1(p)(Q) (with ℓ = 2 or 3): ⟨a⟩−1 kills J0(p) and h(T2) kills the part of J1(p)
corresponding to strange newforms, so that h(T2)(⟨a⟩− 1)J1(p) is an abelian variety of
Mordell-Weil rank zero (again by [KL89,Kat04]). In particular, h(T2)(⟨a⟩−1)J1(p)(Q) is
torsion and contained in h(T2)A ⊆ A (where A =

(
⟨a⟩− 1

)(
J1(p)(Q)

)
) and is therefore

killed by Tℓ − ⟨ℓ⟩− ℓ.

We can write t as a difference of two effective correspondences. Proceeding as in the
proof of Proposition 4.1 and noting the bound on hj from above, these correspondences
can be taken to have degree at most

n

m∑
j=0

|hj| 3
j ≤ n

⌊
m∑
j=0

(
m

j

)
3j(2

√
2)m−j

⌋
= n

⌊
(2
√
2+ 3)m

⌋
.

(In concrete cases, the degree can be smaller.) When we are not in case (a), then it fol-
lows as in the proof of Proposition 4.1 that x must be a sum of orbits of (Z/pZ)×/{±1}.
(When ℓ ̸= 2, we need to apply Proposition 2.2 twice in succession to deduce that
⟨a⟩x = x.) The remainder of the proof then is as for Corollary 7.3 with H the full group
(Z/pZ)×/ {±1}. □

Fixing d instead of p, we obtain the following.

Corollary 7.5. Let d ≥ 1 be an integer. If p ∈ Snew(d) is a prime, then one of the following
holds.

(a) p ≤
√
Cd+ 1 with C = 219/325 ≈ 1613.2.

(b) d is even and p = 2d+ 1.
(c) d is even and p = 3d+ 1.
(d) p − 1 divides 2 str(p)d, and there are non-cuspidal points of degree 2 str(p)d/(p − 1)

on the intermediate curve XH of X1(p)→ X0(p) with deg(XH → X0(p)) = str(p). If

(7.1) p >

√
C
⌊
(2
√
2+ 3)strdim(p)

⌋
d+ 1,

then (p − 1)/2 divides d, and there are non-cuspidal points of degree 2d/(p − 1)
on X0(p).
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Conversely, we have for any even d that 2d + 1 ∈ Snew(d) when 2d + 1 is prime and that
3d+ 1 ∈ Snew(d) when 3d+ 1 is prime.

Proof. The first statement follows from Corollaries 7.3 and 7.4, together with the gonal-
ity lower bound in Theorem 3.3; note that we can always take n = 8 in Proposition 4.1.

For the second statement, note that we obtain a point of degree d on X1(p) for p = 2d+1
or p = 3d + 1 when p is prime and d is even by taking a preimage in X1(p) of one
of the quadratic points on X0(p) with j-invariant 1728 or 0, respectively. (That the
degree cannot be smaller follows from [CCS13, Thm. 2(a)], applied with D = −4
and D = −3, respectively. Note that the field of definition of the point necessarily
contains Q(

√
D).) □

Remark 7.6. If we are in case (d) in Corollary 7.5 and p satisfies the bound (7.1), then
p = 2d

m
+ 1 for some m ≥ 1 and there are non-cuspidal points of degree m on X0(p).

Since X0(p) has no non-cuspidal rational points when p > 163 by [Maz78], it follows
that m ≥ 2 in this case, and therefore p ≤ d+ 1.

More generally, we have the following.

Theorem 7.7. Assume Conjecture 5.7 (1). Then for sufficiently large d, we have that

Snew(d) ⊆ Primes(d+ 1) ∪ {2d+ 1, 3d+ 1} ,

and 2d+ 1 ∈ Snew(d) (resp., 3d+ 1 ∈ Snew(d)) if and only if d is even and 2d+ 1 is prime
(resp., 3d+ 1 is prime).

Proof. By Conjecture 5.7 (1), p >
⌊
(2
√
2+ 3)strdim(p)

⌋2
when p is sufficiently large. For

such p, we then have that the bound (7.1) is satisfied if p > (Cd + 1)2/3. Take d large
enough so that d + 1 > max

{
163, (Cd+ 1)2/3

}
. For such d, Corollary 7.5 and Re-

mark 7.6 show that p ∈ Snew(d) implies that either p ≤ (Cd + 1)2/3 < d + 1, or
p = (2d/m) + 1 ≤ d + 1 for some m ≥ 2, or else p ∈ {2d + 1, 3d + 1} if d is even.
Corollary 7.5 also gives us that p ∈ Snew(d) when d is even and p ∈ {2d+1, 3d+1}. □

Corollary 7.8. Assume Conjecture 5.7 (1).

(1) For sufficiently large odd d, we have that

S(d) ⊆ Primes(d+ 1) .

(2) For sufficiently large even d, we have that

S(d) ⊆ Primes(d+ 1) ∪
{

3
2
d+ 1, 2d+ 1, 3d+ 1

}
.

Proof. This follows from Theorem 7.7 together with S(d) =
⋃

d ′|d Snew(d
′). □

To obtain more precise results, we note that we can mimic for S2(Γ0(p)) and the eigen-
spaces of the Atkin-Lehner involution what we did in Section 5 using the splitting
of S2(Γ1(p)) according to characters. We do this in the next section.
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8 Small degree points on X0(p)

Let w denote the Fricke (= Atkin-Lehner) involution on X0(p). Then the sign in the
functional equation of L(f, s), for f a weight 2 newform for Γ0(p), is the negative of the
eigenvalue of w on f. So the simple factors of J0(p) on which w acts as multiplication
by −1 have analytic rank an even multiple of their dimension (assuming that the an-
alytic rank of a newform is invariant under the Galois action, which is known when
the analytic rank is 0 or 1), whereas the simple factors of the w-invariant part J0(p)+

(which is the Jacobian of X0(p)
+ = X0(p)/⟨w⟩) have analytic rank an odd multiple of

their dimension.

We now assume that there are no newforms that have positive even analytic rank;
equivalently, the minus part J0(p)

− with respect to the action of w has analytic rank
zero and therefore by [KL89] Mordell-Weil rank zero, so that J0(p)−(Q) ⊆ J0(p)(Q)tors.
Since the torsion subgroup of J0(p)(Q) is cyclic and generated by the difference of
the two rational cusps [Maz77, Thm. 1], it follows that T2 − 3 annihilates J0(p)(Q)tors

(since T2 acts on the cusps as multiplication by 3); therefore, (T2−3)(w−1) annihilates
J0(p)(Q). Let x ∈ X0(p)

(d)(Q) be a non-cuspidal point and write ∞ ∈ X0(p)(Q) for the
cusp that is the image of ∞ ∈ P1(Q) ⊆ H∗. Then (arguing in a similar way as in the
proof of Proposition 4.1, but in a simplified situation) [x− d ·∞] ∈ J0(p)(Q), so

(T2 − 3)(w− 1)([x− d ·∞]) = (T2 − 3)(w− 1)([x]) = 0 ∈ J0(p).

Writing
(T2 − 3)(w− 1) = (T2w+ 3) − (T2 + 3w)

as a difference of two effective correspondences on X0(p), we have that (T2w+ 3)(x) is
linearly equivalent to (T2 + 3w)(x). So if 6d, which is the degree of these two divisors,
is less than gonQ(X0(p)), then it follows that the divisors must be the same. So we have
that

(T2 − 3)(w− 1)(x) = 0

as divisors. Now Proposition 2.2, applied to t = T2 − 3 on X0(p), shows that w(x) = x,
since there are no cusps in the support of x. This leads to the following result.

Proposition 8.1. Let p > 3 be a prime such that there are no newforms for Γ0(p) that have
positive even analytic rank. Let d ≥ 1 be an integer. If d < gonQ(X0(p))/6 and y ∈ X0(p)
is a non-cuspidal point of degree d, then either y is a fixed point of the Fricke involution
(and therefore corresponds to an elliptic curve with CM by an order of discriminant −p
or −4p), or else d is even and the image of y on X0(p)

+ is a point of degree d/2.

Proof. The discussion preceding the statement of the proposition shows that under the
assumptions made, the Galois orbit of y is a union of w-orbits. Since w is defined
over Q, all these orbits have the same length. There are then two possibilities.

(1) The orbit length is 1. Then y is a fixed point of w. If (E,C) is the elliptic curve
with a subgroup of order p corresponding to y, then this implies that there is an
endomorphism α of E such that α2 = ±p (since p ≥ 5, Aut(E) = {±1}). The positive
sign is impossible, so E must have CM by an order containing

√
−p.

(2) The orbit length is 2. Then d is even, and the images on X0(p)
+ of the Galois

conjugates of y correspond to the d/2 orbits under w among these points. This
implies that the image of y on X0(p)

+ is a point of degree d/2. □
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According to the LMFDB, exactly 111 of the 1229 primes up to 10 000 have the property
that there are weight 2 newforms for Γ0(p) of positive even analytic rank. They are listed
in Table 3. We note that Brumer [Bru95] has a table listing the nontrivial splittings into
Galois orbits of newforms with negative Fricke eigenvalue; this table also gives what
we denote dim(A) here as the “number of rels”. Our table is consistent with his, except
that we find two additional positive-rank factors at levels 2333 and 2381.

p 389 433 563 571 643 709 997 1061 1171

dim(A) 1 1 1 1 1 1 2 2 1

p 1483 1531 1567 1613 1621 1627 1693 1873 1907

dim(A) 1 1 3 1 1 1 3 1 1

p 1913 1933 2027 2029 2081 2089 2251 2293 2333

dim(A) 3 1 1 2 2 1 1 2 4

p 2381 2593 2609 2617 2677 2797 2837 2843 2861

dim(A) 2 4 2 2 1 1 1 4 2

p 2953 2963 3019 3089 3271 3463 3583 3701 3779

dim(A) 1 2 2 2 3 2 2 2 1

p 3911 3943 3967 4027 4093 4139 4217 4253 4357

dim(A) 2 4 1 2 2 1 2 3 1

p 4481 4483 4547 4787 4799 4951 5003 5171 5323

dim(A) 1 2 1 2 1 2 3 1 3

p 5351 5471 5477 5737 5741 5749 5813 5821 6007

dim(A) 2 3 2 3 1 2 1 2 2

p 6011 6043 6199 6337 6571 6581 6691 6949 7019

dim(A) 1 1 1 2 1 3 1 3 1

p 7451 7541 7621 7639 7669 7753 7867 7919 7933

dim(A) 1 1 2 2 1 3 1 2 2

p 8117 8219 8363 8369 8443 8513 8699 8747 9011

dim(A) 3 1 1 2 1 3 1 1 4

p 9127 9161 9203 9277 9281 9467 9479 9781 9829

dim(A) 1 1 1 1 2 1 1 2 2

p 9857 9907 9967

dim(A) 3 2 2

TABLE 3. Primes p < 10 000 such that there exist weight 2 newforms
for Γ0(p) with positive even analytic rank and dimensions of the corre-
sponding part of J0(p)−.
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In most cases, there is only one Galois orbit of newforms with positive even analytic
rank. The exceptions are p = 997 with two newforms defined over Q, p = 1913 with
one orbit of size 1 and one of size 2, p = 2843 with one orbit of size 1 and one of size 3,
and p = 9829 with two newforms defined over Q. Table 3 also gives the number of
newforms of positive even analytic rank, which (assuming BSD; for dimension 1, this
is verified by the LMFDB data) is the same as the dimension of the smallest abelian
subvariety of J0(p)− whose group of rational points has the same rank as J0(p)−(Q).

When there are newforms f with positive even analytic rank, then we can use a poly-
nomial h that has all a2(f) as roots and work with (T2 − 3)h(T2)(w − 1). This gives the
following, which is similar in spirit to Corollary 7.4.

Proposition 8.2. Given N ≥ 0, there is a number εN > 0 such that whenever p > 3
is a prime such that there are at most N weight 2 newforms for Γ0(p) with positive even
analytic rank and 1 ≤ d ≤ εNp is an integer, then any non-cuspidal point y of degree d
on X0(p) is either a fixed point of w (and thus a CM point) or d is even and y maps to a
point of degree d/2 on X0(p)

+. We can take

εN =
325

3 · 216
⌊
(2
√
2+ 3)N

⌋ .
Proof. Let p be a prime as in the statement, and let f1, . . . , fm be the m ≤ N weight 2
newforms for Γ0(p) that have positive even analytic rank. As in the proof of Corol-
lary 7.4, the monic polynomial

h =

m∏
j=1

(x− a2(fj)) ∈ Z[x]

(compare Corollary 5.5) of degree m has roots bounded in absolute value by 2
√
2, so the

coefficient hj of xj is bounded by
(
m
j

)
(2
√
2)m−j. Similarly to our previous considerations,

it follows that t = (T2 − 3)h(T2)(w − 1) annihilates J0(p)(Q), and t can be written
as a difference of effective correspondences of degree at most 6

⌊
(2
√
2+ 3)N

⌋
. The

argument in the proof of Proposition 8.1 (using Proposition 2.2 with (T2 − 3)h(T2))
then shows the claim for d such that

d <
gonQ(X0(p))

6
⌊
(2
√
2+ 3)N

⌋ .
Together with the gonality bound from Theorem 3.3, this gives the stated value for εN.

□

Obviously, depending on the specific a2(fj), we may be able to improve the bound on d
in concrete cases.

Definition 8.3. For a prime p, write perdim(p) (“positive even rank dimension”) for
the number of weight 2 newforms f for Γ0(p) such that w(f) = −f and L(f, 1) = 0.

Similarly to Conjecture 5.7, we formulate the following conjecture.

Conjecture 8.4.
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(1) (Weak form)

lim
p→∞

perdim(p)

logp
= 0

as p runs through all prime numbers.
(2) (Strong form) The positive even rank dimension perdim(p) is uniformly bounded as

p runs through all prime numbers.

This would give a strong form of the answer “yes” to Problem 1 in [Bru95] and to the
similar question Murty asks at the end of page 264 in [Mur95].

Cowan [Cow22] has computed all Galois orbits of newforms for Γ0(p) of weight 2 and
prime level p < 2 · 106. The data for p < 106 is available as part of the LMFDB. He finds
that for all 104 < p < 106, each of the two Atkin-Lehner eigenspaces contains orbits of
size at most 6, together with one large orbit. There is only one orbit of size 6 (which has
negative Atkin-Lehner sign) for p = 171 713, there are two orbits of size 5 (both with
negative Atkin-Lehner sign) for p = 26777, 86161, and ten of size 4, of which six (for
p = 13681, 28057, 35977, 63607, 185599, 794111) have negative Atkin-Lehner sign. For
each prime in this range, the total size of these small orbits with negative Atkin-Lehner
sign is at most 7. This extends earlier work by Martin [Mar21] (who considers more
general weights and levels) in the case of weight 2 and prime level. Martin formulates
a conjecture (Conjecture A in loc. cit.) that essentially says (taking r = 1) that for 100%
of the primes, each of the two Atkin-Lehner eigenspaces contains only one Galois orbit
of newforms. Assuming this, [Mar21, Thm. 1] concludes that 100% of all newforms
of weight 2 for Γ0(p) with p prime that have root number +1 have analytic rank zero,
implying that primes p with perdim(p) > 0 are sparse. Cowan’s data may suggest that
there are no further Galois orbits of size at least 5 and smaller than (say) a quarter
of the number of newforms in the relevant Atkin-Lehner eigenspace, and that Galois
orbits of sizes 3 or 4 are rare. The recent preprint [CM24] by Cowan and Martin has
some heuristics supporting a statement along these lines.

There are some related results and conjectures. A result of Iwaniec and Sarnak [IS00,
Theorem 6] (with k = 2, D = 1 and N running through the primes) shows that for
any ε > 0, there is some p0(ε) such that for every prime p > p0(ε), the proportion
of newforms of positive analytic rank among those of even analytic rank is at most
1
2
+ ε. (Assuming GRH, [ILS00, (1.54)] improves this to 7

16
+ ε. The expectation via

the “Density Conjecture” is that this can be reduced to ε.) If we combine this with a
version of Maeda’s Conjecture in this setting (a fairly weak form of which is formulated
in [Bru95, Problem 4]), which says that the newforms in each of the two Atkin-Lehner
eigenspaces of cusp forms of weight 2 for Γ0(p) should form one large Galois orbit and
only very few small ones (note that this is supported very well by Cowan’s data men-
tioned above), we obtain that perdim(p) is bounded by the total size of the small Galois
orbits since the large one will make up significantly more than half of the newforms, so
by the Iwaniec-Sarnak result all its newforms will have analytic rank zero.

Based on Cowan’s data (as provided by the LMFDB) and assuming that the large Galois
orbit with Fricke sign −1 has analytic rank zero (compare the discussion above), we
determined the primes p < 106 such that perdim(p) > 4. We found four such primes:

perdim(86 161) = 5 , perdim(89 209) = 5 ,

perdim(133 117) = 5 , perdim(171 713) = 6 .

This gives some (perhaps weak) support for the strong form of the conjecture above.
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Assuming that small (say, less than a quarter the dimension of the ambient space) orbit
sizes are bounded and orbits of size ≥ 2 are rare (so that the total size of small orbits
of size at least 2 is bounded), perdim(p) is determined, up to a bounded amount, by
the number of isogeny classes of elliptic curves of conductor p of positive even (ana-
lytic) rank. According to [PPVW19], the number of isogeny classes of elliptic curves
of rank at least 2 and height ≤ X should be of the order of X19/24, and one can ex-
pect that this should also hold for conductor ≤ X. This would predict about a con-
stant times p−5/24 positive even rank elliptic curves of (prime) conductor p on average.
Watkins [Wat08, Heuristic 3.1] has the more precise asymptotics ∼ X19/24(logX)3/5 (for
curves with discriminant bounded by X). The LMFDB has complete data on elliptic
curves of prime conductor up to 300 million. Counting positive even rank elliptic curves
of prime conductors between successive multiples of a million shows good agreement
with the Watkins heuristic (the constant factor derived from the data decreases slowly
by about a quarter as the conductor grows to 108 and from there on varies within a
fairly small interval, with no clear tendency to grow or shrink). This then suggests that
there should be only finitely many primes p such that there are five or more positive
even rank elliptic curves of conductor p. Indeed, within the range of the LMFDB, there
are only three such primes: p = 4 297 609 and p = 151 141 051 with five such curves,
and p = 161 137 637 with six. There are six primes with four such curves, and then 109
with three and 2224 with two. We think that this is a fairly strong indication that even
the strong form of Conjecture 8.4 might hold.

Theorem 8.5. The weak form of Conjecture 8.4 implies the following.

(i) Fix an odd integer d ≥ 1. There is p0(d) such that for all primes p ≥ p0(d), there
are no non-cuspidal points of degree d on X0(p).

(ii) Fix an even integer d ≥ 1. There is p0(d) such that for all primes p ≥ p0(d), every
non-cuspidal point of degree d on X0(p) maps to a point of degree d/2 on X0(p)

+.

Proof. Take p0(d) so that εperdim(p)p > d for all p ≥ p0(d). This is possible by assumption.
(Indeed, the weaker hypothesis logp− perdim(p) log(2

√
2+ 3)→∞ as p→∞ would

be sufficient.) Then Proposition 8.2 shows that a point of degree d on X0(p) is either
a CM point associated to an order of discriminant −p or −4p, or else d is even and
the point maps to a point of degree d/2 on X0(p)

+. If we increase p0(d) if necessary
so that the class numbers of the orders of discriminant −p or −4p (when they exist)
are larger than d (which is possible, since these class numbers tend to infinity with p),
then the first possibility is excluded, since these points have degree equal to the class
number. □

Remark 8.6. For d = 1, it is a theorem due to Mazur [Maz78] that the set of primes p
such that there is a non-cuspidal rational point on X0(p) is

Primes(19) ∪ {37, 43, 67, 163} ;

for p ∈ {19, 43, 67, 163}, these points are fixed points of the Fricke involution.

To check the computational claims made in this section, run Magma with [DS26,
section8.magma].

9 Stronger results on S(d) for large d

We can obtain a stronger result than Theorem 7.7 if we also assume Conjecture 8.4.
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Theorem 9.1. Assume Conjectures 5.7 (1) and 8.4 (1). Fix m ≥ 1. Then there is d0(m)
such that for integers d ≥ d0(m),

(1) if d is odd,

Snew(d) ⊆ Primes
( d

m

)
;

(2) if d is even,

Snew(d) ⊆ Primes
( d

m

)
∪
{
d

k
+ 1 : 1 ≤ k ≤ m,k | d

}
∪ {2d+ 1, 3d+ 1} .

If d = k(p − 1) with 1 ≤ k ≤ m and y ∈ X1(p)(K) is non-cuspidal with [K : Q] = d, then
K is a cyclic Galois extension of a subfield L such that [L : Q] = 2k.

Proof. In the situation of Theorem 7.7 and its proof, we take d large enough so that
(Cd + 1)2/3 ≤ d/m. Then for p > d/m such that p /∈ {2d+ 1, 3d+ 1}, we get that
p = (2d/µ) + 1 for some 1 ≤ µ ≤ 2m, and there are non-cuspidal points of degree µ
on X0(p). If d is also sufficiently large so that for primes p > d/m, the conclusion
of Theorem 8.5 holds for all odd degrees below 2m, then it follows that µ = 2k must
be even, hence p = (d/k) + 1. If d is odd, the number (d/k) + 1 is even, so cannot be a
prime.

The statement on the fields K of definition of degree d points on X1(p) follows from the
facts that X1(p) → X0(p) is a cyclic Galois cover over Q and that y maps to a point of
degree 2k on X0(p). (Note that since p /∈ {2d+ 1, 3d+ 1}, the cover is unramified at the
relevant point.) □

Corollary 9.2. Assume Conjectures 5.7 (1) and 8.4 (1). Fix m ≥ 1. Then there is d0(m)
such that for integers d ≥ d0(m),

(1) if d is odd,

S(d) ⊆ Primes
( d

m

)
;

(2) if d is even,

S(d) ⊆ Primes
( d

m

)
∪
{
d

k
+ 1 : 1 ≤ k ≤ m,k | d

}
∪
{
2
d

k
+ 1, 3

d

k
+ 1 : 1 ≤ k ≤ 3m, 2k | d

}
.

In particular, we then have

lim
d→∞, d odd

maxS(d)
d

= 0 and lim sup
d→∞, d even

maxS(d)
d

= 3 .

Proof. The upper bound for S(d) follows from Theorem 9.1 and S(d) =
⋃

d ′|d Snew(d
′).

That the limit is zero for odd d follows by taking m arbitrarily large.

The statement on the limit for even d follows from the upper bound and by observing
that there are infinitely many primes p ≡ 1 mod 6, so for d = (p − 1)/3, we have
maxS(d) = 3d+ 1 if p is sufficiently large. □
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Assuming the stronger forms of our conjectures, we can be more precise. Let h(D)
denote the class number of the quadratic order of discriminant D. We set

H(d) :=
{
p prime : h(−4p)(p− 1) = 2d or

(
p ≡ 3 mod 4 and h(−p)(p− 1) = 2d

)}
.

Remark 9.3. It is known that h(−p), h(−4p) = p1/2+o(1), which implies that

H(d) ⊆ Primes(d2/3+o(1)) as d→∞
and that the elements of H(d) are bounded below by d2/3−o(1).

We also note that each prime p ≡ 1 mod 4 belongs to exactly one set H(d) (for d =
h(−4p)(p − 1)/2, which is even), each prime p ≡ 7 mod 8 also belongs to exactly one
set H(d) (for d = h(−4p)(p − 1)/2 = h(−p)(p − 1)/2, which is odd), and each prime
p ≡ 3 mod 8 (with the exception of p = 3, which is in H(1) only) belongs to exactly two
sets H(d) (for d = h(−p)(p− 1)/2 and d = h(−4p)(p− 1)/2 = 3h(−p)(p− 1)/2, which
are both odd). Since the associated degrees d are roughly of size p3/2, this implies that
actually most sets H(d) are empty. For example, for d ≤ 10 000, only 231 sets H(d) are
nonempty, of which 8 have two elements and one has three elements (and there are no
larger sets):

H(33) = {23, 67} , H(315) = {127, 211} , H(1485) = {271, 331} ,

H(1701) = {379, 487} , H(2625) = {251, 1051} , H(4095) = {631, 1171} ,

H(7875) = {1051, 2251} , H(8415) = {991, 1123, 1531} , H(9009) = {859, 2003} .

Lemma 9.4. For all d ≥ 1, H(d) ⊆ Snew(d).

Proof. Let p ∈ H(d). First assume that h(−4p)(p − 1) = 2d. There are elliptic curves
with CM by Z[

√
−p] defined over a number field of degree h(−4p). These curves give

rise to points of degree h(−4p) on X0(p), which are fixed points of wp, since they have
an endomorphism of degree p (given by

√
−p) whose kernel is defined over their field

of definition. Pulling back to X1(p), this gives points of degree dividing (p − 1)/2 ·
h(−4p) = d. On the other hand, [BC20b, Thms. 1.2 and 4.1] (where for the latter
the ‘M = 1’ version in [BC20a, Thm. 7.2] is sufficient) show that the least degree of a
p-torsion point on such an elliptic curve is d (note that the degree of the ring class field
is h(−4p) and that a = 1 ≤ m in our application of their Thm. 1.2).

Now assume that p ≡ 3 mod 4 and h(−p)(p − 1) = 2d. Similarly as above, there are
elliptic curves with CM by Z[(1+

√
−p)/2] defined over a number field of degree h(−p),

which give rise to points of degree h(−p) on X0(p) as before. Pulling back to X1(p), this
gives points of degree dividing (p − 1)/2 · h(−p) = d, and the same results as above
show that d is in fact the minimal possible degree.

In both cases, we obtain that p ∈ Snew(d). □

We also set

D(d) :=
{
p prime : p− 1 | d or p = 2d+ 1 or p = 3d+ 1

}
.

Theorem 9.5. Assume Conjecture 8.4 (2) and Conjecture 5.7 (2). Then there are con-
stants C2 > C1 > 0 such that for all d ≥ 1,

(1) when d is odd,

Primes(
√
C1d+ 1)∪H(d) ⊆ Snew(d) ⊆ Primes(

√
C2d+ 1)∪H(d) ⊆ Primes(d2/3+od(1)) ;

28



(2) when d is even,

Primes(
√

C1d+ 1) ∪H(d) ⊆ Snew(d) ⊆ Primes(
√
C2d+ 1) ∪H(d) ∪D(d) .

Proof. The lower bound follows from Proposition 3.6 (noting that the proof actually
shows that Primes(

√
C1d+ 1) ⊆ Snew(d)) and Lemma 9.4.

For the upper bound, let α = ε−1
N with εN as in Proposition 8.2, where N is a uni-

form upper bound for perdim(p), and let β = C
⌊
(2
√
2 + 3)s

⌋
with C as in Corol-

lary 7.5, where s is a uniform upper bound for strdim(p). Assume that p ∈ Snew(d).
Set C2 = max{2(168/167)α,β, 1632} and assume that p >

√
C2d+ 1; then p ≥ 167.

By Corollary 7.5, either d is even and p ∈ {2d + 1, 3d + 1} (and so p ∈ D(d)), or else
p−1 divides 2d and there is a non-cuspidal point y of degree 2d/(p−1) on X0(p). Note
that

2d

p− 1
<

2(p2 − 1)

C2(p− 1)
<

p+ 1

α
≤ εNp ,

so Proposition 8.2, applied with d ← 2d/(p − 1), tells us that y is a fixed point of wp,
which implies that p ∈ H(d), or d is even and y comes from a point of degree d/(p− 1)
on X0(p)

+. So in this latter case, p− 1 divides d, and we again have that p ∈ D(d). □

To formulate the corresponding statement for S(d), we set

H̃(d) :=
⋃
d ′|d

H(d ′) and D̃(d) :=
⋃
d ′|d

D(d ′) .

The sets H̃(d) can be quite a bit larger than H(d), for example,

H̃(6300) = {3, 5, 7, 11, 13, 19, 29, 31, 37, 43, 61, 101, 127, 151, 181, 211, 421}

has 17 elements.

Corollary 9.6. Assume Conjecture 8.4 (2) and Conjecture 5.7 (2). Then there are con-
stants C2 > C1 > 0 such that for all d ≥ 1,

(1) when d is odd,

Primes(
√

C1d+ 1) ∪ H̃(d) ⊆ S(d) ⊆ Primes(
√
C2d+ 1) ∪ H̃(d) ⊆ Primes(d2/3+od(1)) ;

(2) when d is even,

Primes(
√

C1d+ 1) ∪ H̃(d) ⊆ S(d) ⊆ Primes(
√
C2d+ 1) ∪ H̃(d) ∪ D̃(d) .

In either case we have maxS(d) ≤ 3d+ 1 for d sufficiently large.

Proof. This follows from Theorem 9.5 and S(d) =
⋃

d ′|d Snew(d
′). □
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DOI 10.1007/BF02547409 (French). MR1555278 ↑1

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ZAGREB, BIJENIČKA CESTA 30, 10000 ZAGREB, CROATIA
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