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1. MANIFOLDS

Despite the title of the course, we will talk about manifolds first.

But before we go into that, let me remind you of two important theorems from
Analysis II.

1.1. Implicit Function Theorem. Let W C R"® = R* x R"* be open and
p=(p1,p2) €EW. Let f € C{(W,R" %) (with ¢ > 1) such that f(p) = 0; we write
f(z) = f(z,y) with x € R*, y € R"*. If D, f, is invertible, then there are open
neighborhoods Vy of pi in R¥ and Vi of ps in R"* such that Vi x Vo C W, and
there is h € C4(Vy,R"™*) such that for all x € Vy, y € Vs, we have f(x,y) = 0 if
and only if y = h(z).

This says that under an appropriate regularity condition on the derivative, we can
locally solve an equation f(x,y) by a smooth function y = h(x).

1.2. Inverse Function Theorem. Let U C R" be open, p € U, and g €
CYU,R™) (with ¢ > 1). If Dg, is invertible, then there are open neighborhoods
U CcUofpandV of g(p) such that g : U' — V 1is bijective and g~' € C{(V,R"™).

This says that if the derivative is invertible, then the function is locally invertible,
and the inverse has the same “smoothness”. The Inverse Function Theorem follows
from the Implicit Function Theorem by considering the function f(z,y) = z—g(y).

Back to manifolds.

Intuitively, k-dimensional manifolds are spaces that locally “look like R¥”. We
distinguish several levels of “smoothness” that specify how closely like R* our
manifold is supposed to be. There are various ways to make this notion precise,
and it turns out that they are all equivalent.

We first assume that the manifold-to-be M is embedded into real space R".

1.3. Definition. Let 0 < k < n and ¢ € {1,2,3,...,00}. A subset M C R" is
a k-dimensional Cl-submanifold of R™ if the following equivalent conditions are
satisfied.

(1) (M is locally a zero set)
For every p € M there is an open neighborhood W of p in R™ and a
map f € CYW,R"*) such that W N M = f~1(0) and such that Df, has

maximal rank (=n — k).

(2) (M locally looks like R C R™)
For every p € M there is an open neighborhood W of p in R™ and open
neighborhoods V; of 0 in R*¥ and V5 of 0 in R" %, and there is a C9-
diffeomorphism F : W — Vj x V5 such that F(W N M) = V; x {0} and
F(p) = (0,0).

(3) (M is locally diffeomorphic to R¥)
For every p € M there is an open neighborhood U of p in M (ie., U =
W N M with an open neighborhood W of p in R"), an open neighborhood
V of 0 in R*, and a homeomorphism ¢ : U — V such that ¢! € C4(V,R"),
é(p) = 0 and D(¢~ ') has maximal rank (= k).



(4) (M is locally a graph)
For every p € M, there is a permutation matrix P € GL,(R), an open
neighborhood W of p in R" and open neighborhoods V; of 0 in R* and V,
of 0 in R"* and there is a map g € C%(Vy, Va) with g(0) = 0 such that
WNM={p+P-(r,9(x))" 12 eV}

1.4. Examples. The unit circle in R? is a 1-dimensional C*°-submanifold of R?,
and the unit sphere in R? is a 2-dimensional C*-submanifold of R3. This can be
seen in any of the four ways indicated in the definition above.

We still have to prove the equivalence of the four conditions.

Proof. We first show that (2) implies (1) and (3). So let p € M, and V3, Vo, W
and F' as in (2). For (1), we define f = my 0 F', where my : V| x Vo — V5 is the
projection onto the second factor. Then W N M = F~1(V; x {0}) = f~1(0), and
it remains to show that rk Df, = n — k. Since F' is a diffeomorphism, we know
that DF, is invertible; also, rk(Dmy)g = n — k, hence Df, = (Dmy)o - DF,, has
rank n — k as well.

To show (3), we set U = WNM,V =1V, and ¢ = 7 o F o, where ¢ is the
inclusion of U in W and m; : Vi x Vo — Vj is the projection to the first factor.
Then ¢ is continuous, and ¢~! = F~1 o/ (with //: V; — Vi x {0} C V; x V3) is a
Ci-function. We have ¢(p) = m1(F(p)) = 0 and D(¢~')g = (DF,)~" - D, has the
same rank as Dy, which is k.

Let us show that (4) implies (2). Let p € M, and assume P, W, V;, V5 and g given
as in (4). Then we can define F(z2) = (x,y — g(x)) where (z,y)" = P71 (2 — p).
It is clear that F is a C%map. If we define for z € V;, y € R" % the C%map
G(z,y) =p+ P-(z,y+g(x))T, then G o F is the identity on W. Let V/,V; be
open neighborhoods of 0 in R¥, R"* such that W’ = G(V/ x Vj) C W. Then
we obtain a CY-invertible map F' : W' — V/ x VJ such that F(p) = (0,0) and
FW'nM)=V] x {0}.

The remaining implications “(1) = (4)” and “(3) = (4)” are less trivial, since
there we need to reconstruct a piece of information. We will need to use some of
the major theorems from the study of differentiable functions in several variables.

We show that (1) implies (4). Let p € M and take W and f as in (1). The
matrix Df, is a (n — k) x n matrix of rank n — k, therefore we can select n — k
of its columns that are linearly independent. Without loss of generality (and to
ease notation), we can assume that these are the last n — k columns and also that
p = 0. If we write z = (2,9)" with # € R¥ and y € R"*, then for z € W,
we have z € M <= f(z,y) = 0, and D,f, is invertible. We can therefore
apply the Implicit Function Theorem 1.1 and obtain neighborhoods Vi, V5 of 0
in R¥ R"* such that V; x Vo € W, and a map g € C4(V;, R"*) such that for
z=(z,y) € Vi x Vo we have z € M < f(z,y) =0 <= y = g(z).

Finally, we show that (3) implies (4). Let p € M and U, V, ¢ as in (3). We can
assume that p = 0. Since (D¢~ 1)y has rank 7, we can pick r linearly independent
rows of this matrix, and without loss of generality, these are the first r rows. If
m : R" — R* is the projection to the first k& coordinates and 7y : R* — R" ¥ is
the projection to the last n — k coordinates, then we have that D(m o ¢~ 1) is
invertible. By the Inverse Function Theorem 1.2, there are open neighborhoods
Vi, V' of 0 in R* with V' C V such that m 0 ¢! : V/ — Vj is bijective and the
inverse h of this map is in C?(V},R¥). Welet ¢ = myo¢ptoh : V) — R
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Also let W C R"™ open such that U = M N W. If necessary, we replace 1}
and V' by smaller neighborhoods such that there is an open neighborhood V5 of 0
in R"* with g(V1) C Vo and Vi x Vo C W. Then for 2z = (x,y) € V; x Va, we have
2e€M <= 2€ ¢ Y (V') < 2z € (¢ toh)(V). Further, (¢~ toh)(z) = (z, g(z)),
hence M NV} x V5 is exactly the graph of g. U

1.5. Examples.

(1) Let U C R™ be open. Then U is an n-dimensional C*°-submanifold of R".
Indeed, we can use part (3) of Def. 1.3 above, with U = V and ¢ = idy.

(2) Let p € R*. Then {p} is a 0-dimensional C*°-submanifold of R". We
can see this, for example, from part (1) of Def. 1.3, by taking W = R"
and f(x) = x — p. More generally, any discrete set of points in R" is a
0-dimensional submanifold. A subset S of R" is discrete if every p € S has
a neighborhood W in R™ such that W NS = {p}. For example, the set
S={%:ne{l,2,...}} C Ris a0-dimensional submanifold of R. On the
other hand, S'U {0} is not (Exercise!).

(3) Generalizing Example 1.4 above, define for n > 1 the unit (n — 1)-sphere
Sl ={z eR": ||z|| =1} = {(x1,...,2n) ER" :af + -+ 22 =1},

Then S"! is an (n — 1)-dimensional C*-submanifold of R™. This is most
easily seen using part (1) of Def. 1.3: we take W = R" and f(z) = ||z||*—1;
then Df, =2p # 0 for p € S"1.

At first sight, it may seem natural to consider submanifolds of R", since in many
cases, manifolds arise naturally in this context, for example as zero sets like the
spheres. However, there are situations where spaces that one would like to consider
as manifolds appear in a setting where there is no natural embedding into some R"™.
One instance of this is when we want to “quotient out” by a (nice) group action.
For example, we may want to identify antipodal points on S” (which means that
we quotient by the action of the group {£1} acting by scalar multiplication).
Since antipodal points never collapse, it is clear that the quotient (not-quite-
yet-)manifold locally looks exactly like S™, and since we understand the quality
of being a manifold as a local property, we would like to consider this quotient
space as a manifold. However, there is no obvious way to realize this space as a
submanifold of some RY.

Another situation where we run into similar problems is the construction of “pa-
rameter spaces”. For example, consider the problem of describing the “space of
all lines through the origin in R®”. Given one line, it is fairly easy to describe
(or parametrize) all nearby lines, and it is also fairly clear how to “glue together”
these local descriptions. Again, we obtain something that locally looks like a piece
of some R* (here k = n — 1) and so morally should be a manifold. But again,
there is no obvious or natural way to realize the whole of the space we construct
as a submanifold of some RY.

(Note that the two sample problematic cases we have described are in fact equiv-
alent, up to a shift of n — Exercise!)

The way out of these problems is to define manifolds in a more abstract and
intrinsic way, without relying on the structure of an ambient space. If we look at
the various parts of our Definition 1.3 above, we see that (1), (2), and (4) make use
of the ambient R™ in essential way. On the other hand, (3) is less dependent on
the ambient space; it is only used to ensure the correct smoothness (by requiring
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that ¢! is of class C? and is regular at 0). So we will base our new approach
on this part of the definition. We have to remove the dependence on the ambient
space for the smoothness part. The idea is to compare different “charts” of M
with each other instead of a comparison of M sitting in R” with something in R¥.

We begin with some observations on submanifolds of R”.

1.6. Lemma and Definition. Let M be a k-dimensional C?-submanifold of R™,
p € M. Let ¢ : U — V be a map as in part (3) of Def. 1.5. Then there is
an open neighborhood p € U' C U such that (D¢~1), has maximal rank k at all
x eV =oU).

A homeomorphism ¢ : U — V, where p € U C M and 0 € V C RF are open
neighborhoods, ¢(p) = 0, ¢! is C?, and D¢~! has rank k everywhere on V, is
called a C?-chart of M centered at p.

Proof. By assumption, (D¢~ ')y has rank k, so there are k rows of this matrix
that are linearly independent; in particular, the determinant of the corresponding
k x k submatrix is nonzero. Since (D¢ '), varies continuously with z € V, there
is an open neighborhood 0 € V' C V such that this determinant is nonzero for all
x € V'; in particular, rk(D¢~1), = k for all x € V'. The claim follows by setting
U =¢ 1 (V). 0

In this language, we can say that M C R" is a k-dimensional C9-submanifold if
and only if for every p € M there is a C%-chart ¢ : U — R* centered at p.

1.7. Lemma. Let M be a k-dimensional C-submanifold of R". Let ¢ : U — V
and ¢ : U — V' be two Ci-charts of M. Then the map

d=d o pUNU) — S(UNT)

is a Cl-diffeomorphism.

Proof. Since ¢ and ¢’ are homeomorphisms, it is clear that ® is also a home-
omorphism (and well-defined). We have to show that ® and ®~' are both of
class C?. We would like to use the Implicit Function Theorem on y = ®(z) <
(¢") " (y)— ¢~ (z) = 0, but this does not immediately work, as the values of (¢/)~*
and of ¢! are in R"® and not in R*. However, we can remedy this by (locally)
picking k coordinates in a suitable way. So let xg € ¢(UNU’), yo € ¢'(UNT’)
with ®(z9) = yo. We know that rk(D(¢')"!),, = k, hence there is a projection
7 : R" — RF selecting k coordinates such that (D(7 o (¢')7!)),, is invertible.
By the Implicit Function Theorem 1.1, there is a unique C?function f such that
y = f(z) solves 7((¢/)"*(y) — ¢~'(z)) = 0 in a neighborhood of (zg,yp). On the
other hand, we know that y = ®(x) is a solution as well. Hence & = f € C? on
this neighborhood, and since 1y, was arbitrary, we have ® € C?. Interchanging the
roles of ¢ and ¢, we find that ®! is also of class C9. ]

This now allows us to reduce the definition of the “C?-structure” on a manifold to
a comparison between charts.
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1.8. Definition. Let M be a topological space, which we assume to be Hausdorff
and to have a countable basis. A (k-dimensional) chart on M is a homeomorphism
¢:U =V, where U C M and V C R¥ are open sets. We say that ¢ is centered
at p € M if p e U and ¢(p) = 0.

Two k-dimensional charts ¢ : U — V and ¢’ : U' — V' on M are C?-compatible if
the transition map

P=¢ ogpt:p(UNU) — ¢UNU)
is a CY-diffeomorphism.

A set A of charts of M is a C%-atlas of M if for every p € M there is a chart
¢:U — V in A such that p € U, and every pair of charts in A is C%-compatible.
In this case, the pair (M, .A) is an (abstract) k-dimensional C?-manifold. Usually,
we will just write M, with the atlas being understood.

A Ci-structure on M is a maximal C%atlas on M. If (M, A) is a k-dimensional
Cl-manifold, there is a unique corresponding C?-structure, which is given by the
set of all k-dimensional charts on M that are C¢-compatible with all charts in the
atlas A. We do not distinguish between manifold structures on M given by atlases
inducing the same CY-structure.

1.9. Exercise. Let A be a C%-atlas on M and let ¢, ¢’ be two charts on M. Show
that if both ¢ and ¢’ are C%-compatible with all charts in A, then ¢ and ¢’ are
Cl-compatible with each other.

This implies that the set of all charts on M that are C?-compatible with A forms
a CY-atlas, which then must be maximal. It is the C%-structure on M induced by
the given atlas A.

1.10. Remarks. A topological space X is Hausdorff if for any two distinct points
x,y € X there are disjoint neighborhoods of x and y in X. The reason for this
requirement is that we want to avoid pathological examples like the “real line with
a double origin”. We obtain it by identifying to copies of R everywhere except at
the origins. We wouldn’t want to consider this a manifold, even though it satisfies
the other required properties.

A basis of a topological space X is a collection of open sets of X such that every
open set is a union of sets from the collection. For example, a (countable) basis
of R™ is given by all open balls of rational radius centered at points with rational
coordinates. The requirement of a countable basis is of a technical nature; it is
needed to allow certain constructions (in particular, partitions of unity) which are
necessary to obtain a useful theory.

Any subspace (subset with the induced topology) of a Hausdorff space with count-
able basis has the same two properties, so they are automatically satisfied for
submanifolds of R™.

1.11. Remark. One could start with just a set M; then the topology is uniquely
defined by the charts (by requiring that they are homeomorphisms). However, we
still have to require that with this topology, M is a Hausdorff space with countable
basis.
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1.12. Remark. One can replace the condition “CY-diffeomorphism” in the defi-
nition of compatibility of charts by “homeomorphism”. What one then gets are
topological manifolds. We will not look at them in more detail, since we want
to do analysis, and for this we need a differentiable (i.e., C? for some ¢) struc-
ture. So in the following, “manifold” always means “differentiable manifold”, i.e.,
“C9-manifold” for some ¢ > 1.

1.13. Example. If M is a k-dimensional C?submanifold of R", then M is an
abstract k-dimensional C%-manifold in a natural way: we take as atlas A the set of
all charts ¢ : U — V on M such that ¢! is of class C? as a map from V into R".
These are essentially the maps from part (3) of Def. 1.3. Lemma 1.7 shows that
A really is an atlas, hence (M, A) is a manifold.

1.14. Example. Let us show that M = S™/{+£1} is a manifold in a natural way.
We consider S” as a C*®-submanifold of R"*!. We take as atlas on S™ the orthog-
onal projections to hyperplanes, restricted to open half-spheres. Let ¢ : © +— —x
be the antipodal map on S™. Then for any ¢ in our atlas, ¢ o« is compatible with
all charts in the atlas again.

The topology on M is defined by saying that U C M is open if and only if its
preimage 7~ '(U) is open in S", where m : S* — M is the canonical map. It is
then also true that the open sets of M are exactly the images under 7 of open
sets of S™, which implies that M has a countable basis of the topology. Also, M
is Hausdorff: Let p,q € M be distinct, and let =,y € S with 7(z) = p, 7(y) = ¢.
Then x, —x,y, —y are pairwise distinct, hence we can find neighborhoods U of z
and V of y in S” such that U, —U, V, =V are disjoint in pairs. Then 7(U) and 7(V)
are disjoint neighborhoods of p and ¢, respectively.

We now define charts on M. Let ¢ : U — R” be a chart in our atlas of S™;
we have U N —U = (). Then x|y : U — 7(U) is a homeomorphism, and we let
¢ = ¢o(r|ly)t: 7(U) — R" be a chart on M. Since for every x € S”, there is a
chart on S™ centered at x, it is clear that our charts cover M. Also, the transition
maps between charts locally are transition maps between charts on S™ or charts
composed with ¢ and therefore are C*°-compatible. This gives us a C*>-atlas on M.

1.15. Remark. In the same way, one can prove the following. Let M be a C?-
manifold, and let I" be a finite group acting on M such that no x € M is fixed by a
non-identity element of I' and such that for every ¢ in the differentiable structure
of M and every v € I', po~y is again in the differentiable structure. (In the language
we will soon introduce, this means that I' acts on M via C9-diffeomorphisms.)
Then the quotient M/T" can be given the structure of a C%manifold in a natural
way.

(For infinite groups I', one has to require that for all ;5 € M not in the same
orbit under T', there are neighborhoods # € U and y € V such that U N~V = ()
for all v € T'; this is to make sure the quotient space is Hausdorff.)

1.16. Example. Let us look at the second motivational example for introducing
abstract manifolds and see how to turn the set of all lines through the origin
in R™ into a manifold. We will first define charts, which then will also determine
the topology. So let ¢ be a line through 0 € R”, and let 0 # x € ¢. Let E be
the hyperplane orthogonal to z. Then we have a chart ¢, mapping the set of
all lines not contained in £ to E (which we can identify with R"™!) by setting
¢ (y) = R(x+y), the line through the point z+y. If x and 2’ are two generators
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of the same line ¢, then the transition map between the charts ¢, and ¢,/ is just
a scaling. In general, the transition map is easily seen to be of the form

Z —||ZJH2 (x4+2)—vy
(x+2)-y ’
which is a C* map. This gives us a C*-atlas for our manifold. We still need
to check the topological conditions. We can take as a basis of the topology the
images of balls around the origin of rational radius under ¢, !, where x has rational
coordinates, so we have a countable basis. Also, it is easy to see that for any pair
of distinct lines, we can find a chart that contains both of them, and then find
disjoint neighborhoods within that chart, so the space is also Hausdorff.

1.17. Remark. Whitney proved in 1936 that every sufficiently smooth k-dimen-
sional manifold can be embedded into R?**! (he later improved that to R?* for
k > 2). Given this, it would be sufficient to only consider submanifolds of R”. On
the other hand, such an embedding may not be natural or easy to construct (try
to do it for our examples above!) and is to some extent arbitrary, whereas the
abstract notion of manifold only captures the intrinsic features of the given object,
independently of the surrounding space. It thus lets us focus on the essentials,
and we are not encumbered with the unnecessary construction of an embedding
into R™.

2. DIFFERENTIABLE MAPS AND TANGENT SPACES

Now after we have defined what manifolds are, we want to use them. For this, we
need to consider maps between them. These maps should respect the differentiable
structure. The way to define the concept of a differentiable map between manifolds
is to make use of the charts. (The general philosophy here is to use the charts to
reduce everything to known concepts on R¥.)

2.1. Definition. Let M and M’ be two C%manifolds, let f : M — M’ be contin-
uous and 1 < r < q. Let p € M. Then f is differentiable of class C" at p, if there
are charts ¢ of M centered at p and ¢’ of M’ centered at f(p) such that ¢/o fop™?
is a C"-map in a neighborhood of 0. If f is C" at all p € M, then f is a C"-map or
differentiable of class C".

If M’ = R, then we speak of C"-functions on M; we write C"(M) for the vector
space of all such functions.

It is clear that if the defining property holds for some pair of charts ¢, ¢’ (centered
at p, f(p)), it will hold for all such pairs.

Note that ¢/ o f o ¢! is a map between subsets of spaces R* and R* (if k and &’
are the dimensions of M and M’, respectively), hence for this map it makes sense
to talk about being of class C".

2.2. Definition. Let M and M’ be two C?%manifolds, and let f : M — M’
be a homeomorphism. If both f and f~! are C"-maps, then f is called a C"-
diffeomorphism, and M and M’ are said to be C"-diffeomorphic.
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2.3. Example. The antipodal map x +— —x is a C*°-diffeomorphism of the sphere
S™ to itself.

Our next goal will be to define derivatives of differentiable maps. Recall that
the derivative of a map R D U — R™ at a point is a linear map that gives
the best linear approximation to the given map near the given point. This works
because R™ and R™ are vector spaces, so we can put a linear structure on the
neighborhoods of our point and its image. With manifolds, we have the problem
that we do not have such a linear structure. Therefore we first need to construct
one, which means that we have to linearize the manifolds, too, not only the map.
This leads to the notion of tangent space.

The tangent space to a manifold at a point is easy to define when we have a
submanifold of R™.

2.4. Definition. Let M be a k-dimensional submanifold of R™, and let p € M.
Let ¢ : U — R¥ be a chart of M centered at p. Then the tangent space to M at p,
T,M, is the linear subspace (D¢~ !)o(R*) of R™.

It is clear that this does not depend on the chart: changing the chart, we precom-
pose with the derivative of the transition map, which is an invertible linear map
and so does not change the image space.

The idea is that near p, M is the image of the differentiable map ¢!, hence the
best linear approximation to M is by the image of the derivative of ¢! at the
point we are interested in.

Note that the tangent space T,,M is a linear subspace of R". If we shift its origin
to p, then p+T,M is tangent to M at p in the geometric sense: it is the tangent line
to M at p when M is of dimension 1, the tangent plane, when M is of dimension 2,
and so on.

2.5. Exercise. Write the tangent space 7,,M in terms of the data given in parts
(1), (2), and (4) of Def. 1.3.

2.6. Example. Consider the “north pole” N = (0,...,0,1) € S". To find the
tangent space TyS", we take the chart

¢p:{xeS" 1 xp1 >0 — B1(0) CR", 2+ (21,...,2,);

its inverse is ¢ 71 (y) = (y, /1 — ||y||?), with derivative (Dg¢~1)y : 2 — (2,0). Hence
TnS" is the “equatorial hyperplane” x,,; = 0.

(Using the previous exercise and writing S™ as the zero set of ||z[|* — 1, we easily
find that 7,.S™ is the hyperplane orthogonal to z, for all z € S™.)

If we want to define tangent spaces for abstract manifolds, we cannot use the
vector space structure of an ambient R", as we did above. We have to resort to
using charts again. Note that if M is a submanifold of R™ and p € M, then any
chart ¢ of M centered at p sets up an isomorphism of R* with T,M via (D¢~1),
(where k = dim M is the dimension of M). So we can take the tangent space to
be R*, but we have to be careful how the various copies of R¥ given by the various
charts are identified with each other.
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2.7. Definition. Let M be an abstract k-dimensional C?-manifold, and let p € M.
A tangent vector to M at p is an equivalence class of pairs (¢, v), consisting of a
chart ¢ : U — V C R¥ of M centered at p and a vector v € R*.

Two such pairs (¢, v) and (¢',v') are equivalent if D®y-v = v', where ® = ¢/ o p~*
is the transition map.

The tangent space T, M of M at p is the set of all tangent vectors to M at p.

2.8. Exercise. Verify that the relation between pairs (¢, v) defined above really
is an equivalence relation.

We need to justify the name tangent space.

2.9. Lemma. In the situation of the definition above, T,M 1is a k-dimensional
real vector space in a natural way.

Proof. First note that if ¢ and ¢’ are two charts centered at p, then for every
v € R¥, there is a unique v = D®; - v € R* such that (¢,v) ~ (¢',v'). We fix
one chart ¢; then we get an identification of 7, M with R¥, which we use to define
the vector space structure on T,M. Since the identifying maps D®, are invertible
linear maps, this structure does not depend on which chart ¢ we pick. O

2.10. Derivations on R¥. Our definition of tangent vectors is fairly concrete, but
maybe not very satisfying, since it is not intrinsic. There are alternative definitions
that are better in this respect.

We will now assume that everything (manifolds, differentiable maps, ...) is C*.
This is sufficient for most applications and saves us the trouble of keeping track
of how differentiable our objects are.

First consider an open neighborhood of 0 € R*. To every v € R¥, considered as
a tangent vector to R¥ in 0, we can associate a linear form C*(V) — R, given by
the directional derivative in the direction of v:

Oy : f— %f(tv)

t=0

This map has the additional property 9,(fg) = f(0)0,(9) + g(0)0,(f), coming
from the Leibniz rule. Conversely, every linear form 0 on C>(V) that satisfies
I(fg) = f(0)0(g) + g(0)O(f) is of the form d = 9, for some v € R*. To see this,
note that every f € C*(V') can be written as

flxy, ... xp) =c+ filx)xy + -+ fr(x)xg
with functions fi,..., fr € C*(V) and ¢ € R. Then

A(f) = F(0)(x1) + - + f1(0)D(zy) = %(OM T

where v; = d(z;) and v = (vy,...,v;). We can therefore identify R¥ = T,V with

the space of all these derivations 0 on C*°(V'). With respect to this identification,

it makes sense to denote the standard basis of the space by %, cee %.

(O)Uk = av(f) )
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2.11. Derivations on Manifolds. Now suppose we have a k-dimensional man-
ifold M and a point p € M. Assume ¢ and ¢’ are two charts of M centered at p
and that f € C*(M). Let (¢,v) ~ (¢',v) represent a tangent vector to M at p.
Then I claim that

9y(f o ¢_1) =0y(f o (¢/>_1) :
In particular, we obtain the same derivation
0:C%(M) —R,  fr—o0,(foo™)=0u(fo(s)7).

To see the claimed equality, let ® = ¢’ 0 ¢! be the transition map. Also note that
Oy(h) = Dhg - v. We obtain

Oy(fog ) =D(fodp " )o-v=D(fo(s)  o®)y-v
= D(fo(¢) " )oDPo-v=D(fo(¢) ).
What we get out of this is:

The tangent space T,M can be identified in a natural way with the space of all
derivations on M at p.

Here, a derivation on M at p is a linear form 0 : C*°(M) — R such that

A(fg) = f(p)A(g) +g(p)o(f) forall f,g € C>(M).

Our intuition about directional derivatives is still valid on a manifold M. However,
we cannot use straight lines ¢ — tv, so we have to resort to more general curves.

2.12. Definition. Let M be a manifold. A smooth curve on M is a C*°-map from
an open interval in R to M.

Now let p € M, where M is a manifold, and let v : |—¢,e[ — M be a smooth
curve with 7(0) = p. Then

0: s 1)

t=0

is a derivation on M at p and hence corresponds to a tangent vector to M at p,
which we can consider to be the wvelocity of the curve v at ¢t = 0. Conversely,
every tangent vector can be obtained in this way — just transport a piece of the
straight line ¢ — tv from the chart ¢ to M, where the tangent vector is represented

by (¢,v).

In this way, we can also express the tangent space as the set of equivalence classes
of all curves v as above, with two curves being considered equivalent if they induce
the same derivation on M at p.

2.13. Exercise. Write out what this equivalence means in terms of charts.

With the tangent space at hand, we can now define what the derivative of a
differentiable map should be.
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2.14. Definition. Let f : M — M’ be a differentiable map between manifolds,
and let p € M be a point. Then the derivative of f at p is the linear map
Dfp : TpM—>Tf(p)M/, 0 +—> (hHa(hOf)) .
Here, we identify the tangent spaces with the corresponding spaces of derivations.

In terms of our earlier definition of tangent vectors as equivalence classes of pairs
(¢,v), we get the following. Let ¢ and v be charts of M and M’, centered at p
and f(p), respectively. Then

Df,((¢.v)) = (¥, Do fop ) v).
So what we get is just the derivative of our map when expressed in terms of the
charts.

To see this, recall that (¢,v) corresponds to the derivation g — D(go ¢~1)g - v.
The image under D f, therefore is

h—D(hofo¢ ™ )g-v=D(hotp™)o-D(Wofogp)-v,
which in turn is the derivation corresponding to (w, D(po fopt)- v).

2.15. Lemma. Let M be a manifold, p € M. Then for f,g € C>(M), we have
the usual rules

D(f £g), = Df, £ Dy, and D(fg)p = f(p)Dgp + g(p)Dfp.

Proof. Exercise. O

2.16. Lemma. Let M be a manifold, p € M, v € T,M. Then v corresponds to
the deriwation f v+ Df,-v on M at p.

Proof. Exercise. O
The following generalizes the Chain Rule to maps between manifolds.

2.17. Proposition. Let M, M’ and M" be manifolds, f : M — M', g : M' — M"
differentiable maps. Let p € M. Then D(go f), = Dgspy o D fp.

Proof. Let h € C*(M") and 0 € T,M a derivation on M at p. Then on the one
hand,

(D(g 0 f)p(0))(h) = d(hogof),
and on the other hand,

((Dgs) 0 Df)(0))(h) = (Dgsip) (D fp(0))) (h) = (D fy(0)) (hog) =d(hogo f).
O

2.18. Example. Let M be a manifold and v : |—¢,¢] — M a smooth curve
on M with v(0) = p. Then the velocity of v at 0 is the same as D~ applied to
1 € R=1T,]—¢,¢[. Indeed, the velocity v € T,M is the derivation

d
fr— %f(V(t))\tzo =D(foy)o-1=Dfy-(Dy-1)
(by the Chain Rule), which by Lemma 2.16 corresponds to Dy -1 € T, M.

On submanifolds, we can get differentiable maps and their derivatives quite easily.
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2.19. Proposition. Let M C R*, M’ C R" be submanifolds, and let f : U — R™
be a differentiable map such that M C U C R™ and f(M) C M'. Then the
restriction f : M — M’ is a differentiable map between manifolds, and for p € M,
we have Dfp = D fplr,m : T,M — Ty M', where the tangent spaces are identified
with linear subspaces of the ambient spaces.

Proof. Let ¢ be a chart of M centered at p. Let ¥ : U’ — V C R be a
map as in part (2) of Def. 1.3, such that f(p) € U’ and ¥(f(p)) = 0. Then
(denoting k" = dim M’) ¥ = U|pinar — V N (R¥ x {0}) is a chart on M’ centered
at f(p). Let 7 : R — R* be the projection to the first k' coordinates. Then
Yofopt=moWo fog!isa composition of differentiable maps and therefore
again a differentiable map (recall that ‘differentiable’ means ‘C*’). By definition,
this means that f is differentiable. Using the identifications of the various versions
of the tangent spaces, we find that

Df,= (DY oo Do fod)go (D),

where the latter is the inverse of the isomorphism (D¢~1) between RI™M and
T,M C R". By the chain rule, this gives

Dfy=D(fo¢ oo (D )y = Dfylr,u -
Since (Dy~1)o maps into Ty, M’, we obtain a linear map as claimed. O

2.20. Example. Consider the “z-coordinate map” z : S? — R. By Prop. 2.19, it
is a differentiable map. For z € S?, we have T,S? = 2+ and

Dz, i 2t 3 v+ (v,e3) .

This linear map is nonzero and therefore of rank 1 if and only if x is not a multiple
of eg. Otherwise (i.e., when z is the “north pole” or “south pole”), we have
Dz, =0.

2.21. Definition. Let M be a manifold, f € C*°(M). A point p € M is called a
critical point of f if D f, = 0. In this case, f(p) € R is called a critical value of f.

So in our example above, the critical points are the north and south poles, and
the critical values are +1. We will come back to these notions later.

3. VECTOR BUNDLES AND THE TANGENT BUNDLE

We would like to take the set of all tangent vectors at all points p on a manifold M
together and turn it into a manifold T'M, the tangent bundle of M. This should
come with a map T'"M — M that associates to a tangent vector the point it is
based at, with fiber over p the tangent space T,M. We want to include the linear
structure of the tangent spaces as part of the structure of TM. This leads to the
notion of vector bundles over M.
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3.1. Definition. Let £ and M be manifolds and 7 : F — M a surjective differ-
entiable map. Then E is a vector bundle over E of rank n, if for every p € M,
there is a neighborhood U of p and a diffeomorphism ¢ : 7= 4(U) — U x R
such that pry otp = ; furthermore, we require that for each pair ¢ : 7= 4(U) —
UxR"and ¢ : 7~ 1(U’") — U’ x R" of such diffeomorphisms, the transition map
Yo7t (UNU') xR = (UNU’) x R™ is of the form (p,v) — (p, g(p)-v), where
g:UNU — GL(n,R) is a C>*°-map.

It is then clear that the vector space structure induced on fibers of m by these
charts 1 is independent of the chart. We can therefore think of £ — M as a
smoothly varying family of n-dimensional vector spaces, one for each p € M. We
denote the fiber 771(p) by E,.

If n=1, we call £ a line bundle over M.

A homomorphism of vector bundles over M is a differentiable map f : £y — Fj,
where m : B — M and m : E5 — M are vector bundles over M, such that
my o f = m and such that the induced map f, : (E1), = (E»), is linear for every
p € M. It is then clear what an isomorphism of vector bundles should be.

We call E a trivial vector bundle, if we can take U = M in the definition above.
Then E = M x R™ as vector bundles. Accordingly, we call a map like ¢ above a
local trivialization of E — M.

3.2. Example. Let M = S! be the circle, and let
E={(r,y) €S' xR*:y € R} C R*.

Then FE is a trivial line bundle over S!, since we can map E to S* x R by sending
(x,y) to (x,\), where y = Az.

On the other hand, identifying S' € C with the group of complex numbers of
absolute value 1, we can define a line bundle

E' ={(z,y) €S' xC:y e Ryz} CR*,

where /z is one of the two square roots of z (they differ by a sign, so span the
same real subspace of C). This line bundle is non-trivial (Exercise).

In fact, E and E’ are the only two line bundles on S', up to isomorphism. Roughly
speaking, this comes from the fact that when you walk around the circle once, you
have the choice of identifying the fiber with the copy you were carrying with you
either in an orientation-preserving or in an orientation-reversing way.

3.3. The Tangent Bundle. The motivation for introducing vector bundles was
our wish to construct the tangent bundle. So we do that now. Let M be a manifold.
Then locally, via a chart, we can identify the tangent bundle with V' x R* (where
k = dim M and V is some open subset of R¥). We use the chart to go to U x R¥,
where U C M is open.

More precisely, let TM = {(p,v) : p € M,v € T,M} as aset, and let 7 : TM — M
be the projection to the first component. Let ¢ : U — V C R¥ be a chart on M.
Then we define ¢ : 77 1(U) — U x R* by ¢(p,v) = (p,w), where (¢ — ¢(p),w)
represents the tangent vector v € T,M (note that ¢ — ¢(p) is a chart centered
at p). This is clearly a bijection. We check the compatibility. So let ¢’ be another
map as above, constructed from another chart ¢’ : U" — V’. We find that

(W o) (p,w) = (p, DPy(p) - w)
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where ® = ¢’ o ¢! is the transition map between the charts of M, compare
Def. 2.7. Since ® is a C>* map, the same is true of p — D®y,) € GL(k, R).

The compatibility of the ‘local trivializations’ v then allows us to endow T'M with
a topology and differentiable structure. The topology is Hausdorff, since (p,v)
and (g, w) can be separated by neighborhoods of the form 7—!(U) and 7= (V) if
p # q, and (p,v) and (p,v’) can be separated by neighborhoods pulled back from
sets of the form U x V and U x V' under a suitable map . We can construct a
countable basis of the topology by letting (U;) be a countable basis of the topology
on M such that each U; is the domain of a chart and (V}) a countable basis of the
topology of R¥; then (¢; ' (U; x VJ))ZJ is a countable basis of the topology of T'M,
where 1); is the local trivialization of TM constructed from the chart ¢; defined
on Uj;.

3.4. Example. If M C R" is a k-dimensional submanifold, then we can realize
TM as a 2k-dimensional submanifold of R?": we have seen that we can identify
T,M with a k-dimensional linear subspace of R", so

TM = {(p,v) € M xR":v € T,M} C R*,

and one can check that the differentiable structure induced by this embedding
in R?" agrees with the abstract one we have defined.

3.5. Lemma. Let f: M — M’ be a differentiable map between manifolds. Then
its derivative gives a differentiable map Df : TM — TM', (p,v) (f(p), Dfp(v)).

Proof. This follows easily by looking at suitable charts. O

3.6. Corollary. Every diffeomorphism M — M’ extends to a diffeomorphism
TM — TM' that induces linear isomorphisms on the fibers.

Proof. Clear. U

The tangent bundle now allows us, for example, to define the notion of a vector
field on M. Intuitively, a vector field gives us a tangent vector in every point of M,
so it can be described by a map M — T'M. More precisely, it is a section.

3.7. Definition. Let 7 : E — M be a vector bundle. A section of E is a differen-
tiable map s : M — E such that m o s =idy (i.e., s(p) lies in the fiber £, above
p, for all p € M).

The section s vanishes at p € M if s(p) = 0 € E,, (recall that E, is a vector space).

3.8. Exercise. A line bundle E — M is trivial if and only if it allows a non-
vanishing section.

More generally, a rank n vector bundle £ — M is trivial if and only if it allows n
sections that are linearly independent at every point.

3.9. Example. The tangent bundle T'S! of the circle is a trivial line bundle. In-
deed, we can realize it as

TS' = {(z,w) € C*: |z| = 1,Re(zw) = 0},

and z +— (z,12) is a non-vanishing section.
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3.10. Definition. Let M be a manifold. A wvector field on M is a section M —»
TM.

3.11. Example. It can be shown that T'S? is a non-trivial vector bundle. (The
proof is non-trivial, too!) Given this, we show that there is no non-vanishing
vector field on the sphere S?: assume there was such a vector field v : S — T'S?
with v(z) # 0 for all z € S2. Then w(x) = x x v(x) (vector product in R?) would
give us a second vector field such that v(x) and w(x) were linearly independent
for every z € S?. But then we would have a trivialization S? x R? — T'S?
(z,(a,b)) = (z,av(x) + bw(z)), which, however, does not exist. Hence:

Every vector field on S* must vanish somewhere.

(“You cannot smoothly comb a hedgehog.”)

3.12. Constructions with Vector Bundles. There are various ways in which
to construct new vector bundles out of given ones. For example, if 7: E — M is a
vector bundle and f: M’ — M is a differentiable map, then we can construct the
pull-back of E to M’', often denoted by f*E. It is a vector bundle «’ : B/ — M’
with a map f : E' — E such that

- .F

d

M —— M

commutes and gives isomorphisms fp : B, — Ey () of the fibers. Furthermore, if £
is trivial above U C M, then E’ is trivial above f~1(U) C M’, in a way compatible
with the maps in the diagram above. (Exercise.)

There is a whole class of constructions of a different type coming from construc-
tions of linear algebra. For example, let 7 : E — M and 7’ : E' — M be two
vector bundles over M. Then we can form their direct sum E @& E' — M in the
following way. Let U C M be open such that both E and E’ are trivial over U.
(We can get a family of such open subsets that covers M by taking intersections
of subsets over which E or E’ is trivial, respectively.) Let the trivializations be
Y (U) = U xR™and ¢ : (7/)"(U) — U x R". Then we take

EoE =] ({p} x (E,®E)

to be the total space and declare

v J{p} x (B, @ B)) — Ux R"&RY), (poev) — (pwsw),
peU
where ¥ (v) = (p,w) and ¥'(v") = (p,w’), to be a local trivialization of E @ E'.

The compatibility condition is easily checked; this allows us to put a topology and
differentiable structure on £ ¢ E.

In the same way, we can construct the tensor product E ® E’, the dual bundle
E* (whose fiber at p is the vector space dual to E,), tensor powers E®*. sym-
metric powers S¥E and alternating (or exterior) powers A" E. The latter will be
important for us when discussing differential forms later.
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3.13. Example. If 7 : F — M is a rank n vector bundle, then A" E is a line
bundle over M.

Even though T'S? is nontrivial, A>7T'S? is. Consider T'S? as a subvector bundle
of S? x R3, via the realization of TS? C S? x R? coming from viewing S? C R3
as a submanifold. Then the wedge product of two tangent vectors at p € S?
can be identified with their vector product, which has its value in the bundle
E={(z,y) € S* xR?: y € Rz}. So we see that A\*T'S? = E. But F admits a
non-vanishing section z — (z,z), so E is a trivial line bundle over S?.

4. ORIENTATION AND ORIENTABILITY

You will remember from calculus that (for f € C(R), say)

]ﬂ@mz—]ﬂ@m;

the value of the integral depends on the orientation of the interval.

Later, we will introduce two kinds of integrals on manifolds: one that is not
sensitive to orientation (and can be used to compute volumes and the like), and
one that is. In order to be able to deal with the second kind, we will need to orient
our manifolds, and so we have to define what we mean by this.

4.1. Orientations of R". The key fact is that GL(n,R), which gives us all the
ways to go from one basis of R™ to another, has two connected components that
are distinguished by the sign of the determinant (except when n = 0 — you can’t
orient points). We can therefore say that two bases of R” have the same or opposite
ortentation if the determinant of the basis change matrix is positive or negative,
respectively.

Since the determinant is defined intrinsically for automorphisms V' — V of a finite-
dimensional vector space, the notion generalizes to arbitrary finite-dimensional real
vector spaces. We can then define an orientation of such a space V' as a maximal
set of bases of V' that all have the same orientation. An automorphism f:V — V
is then said to be orientation-preserving (or orientation-reversing) if it maps a
basis to another basis of the same (or the opposite) orientation; this is the case if
and only if det f is positive (or negative).

Note that R™ has a canonical orientation, which is given by the orientation that
contains the canonical basis.

We can extend the notion of preserving or reversing orientation to differentiable
maps f: U — R"™ where U C R" is open: we say that f preserves (resp., reverses)
orientation if det D f, > 0 (resp., det D f, < 0) for all x € U.

We now extend this to manifolds.

4.2. Definition. Let M be a manifold. An orientation of M is a maximal atlas
consisting of charts such that the transition maps ® satisfy det D®, > 0 for all x
in the domain of definition of ®. I.e., we require all transition maps to preserve
orientation.

We say that a manifold is orientable if it has an orientation, and we say that M
is oriented when we have chosen an orientation of M.
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4.3. Lemma. Let M be an oriented and connected manifold that is not just a
point. Then M has exactly one other orientation than the given one.

This other orientation is the opposite orientation.

Proof. Let O be the given orientation of M, and let O be another orientation.
Let O~ be the orientation that consists of all charts in OF, post-composed with
(v1,%a,...,x) — (—x1,%a,...,7;). Define subsets AT, A~ C M by saying that
p € AT if there is a neighborhood U of p such that OF|y and O]y are the same
orientation of U. Since all charts in O~ have orientation-reversing transition maps
with all charts in O, A¥ N A~ = (). On the other hand, let ¢* : U — V be a
chart centered at p € M, which is in OF, and let ¢ : U — V' be a chart centered
at p that is in 0. We can assume U (and hence V' and V') to be connected. Let
® : V — V' be the transition map. Then det D® : V' — R* must either be always
positive or always negative, which means that ¢ € O or ¢ € O~. This implies
that Oy = Ot|y or Oly = O |y, hence U C AT or U C A~. This in turn implies
that AT U A~ = M and that A" and A~ are both open. Since M is connected,
we must have either AT = M (then O = O") or A~ = M (then O = O7). O

4.4. Definition. Let M be a manifold, p € M. An orientation of M near p is

an equivalence class of oriented manifolds (U, O), where p € U C M is open, and
(U, O) and (U/, O,) are equivalent if O|U|"‘|U/ = O/|U|"‘|U/.

Such local orientations always exist (compare the proof of the preceding lemma);
this comes from the fact that open subsets of R¥ inherit the canonical orientation
of R*. This notion is important for the definition of the orientable double cover
of M; this is a manifold M* whose points correspond to pairs (p, O), where p € M
and O is an orientation of M near p. By the lemma above, the projection M* — M
(that forgets the local orientation) is a two-to-one map, and M* carries a natural
orientation. If M is connected, then M™* is connected if and only if M is not
orientable (Exercise).

For example, the orientable double cover of the Mdbius Strip is a cylinder; since
the cylinder is connected, the Mobius Strip is not orientable. As another example,
you may want to show that the orientable double cover of the real projective
plane is S?, hence the real projective plane is not orientable, either. (Which is no
surprise, since one can embed the Mdbius Strip into it!)

Note that an orientation of M near p fixes an orientation of the tangent space T, M.
The manifold is orientable if we can orient all the tangent spaces in a consistent
manner. We can call a vector bundle £ — M orientable if we can consistently
orient the fibers E,,.

4.5. Lemma. A line bundle L — M 1is orientable if and only if it is trivial.

Proof. If L is trivial, then L = M x R, and we can just transfer the canonical
orientation of R to each of the fibers of L.

Conversely, assume that L is orientable; fix an orientation. Let (U;) be an open
covering of M such that L|Uj; is trivial. We will see later that there is a partition
of unity subordinate to this covering; this is a family (1;) of C*°-functions on M
such that ¢;(p) = 0 if p ¢ U;, for any p € M, only finitely many 1; are nonzero
on a neighborhood of p, and ) ¢;(p) = 1 (the sum then makes sense). We

have “oriented trivializations” ¢; : U; x R — L

v;, meaning that the orientation
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of L corresponds to the canonical orientation of R. We can then define a section
s:p= > . i(p)pi(p,1) (where we set ¢;(p)pi(p, 1) = 0 for p ¢ U;). Since for a
given p € M, all ¢;(p,1) for i such that p € U; differ only by scaling with positive
factors, we have that s(p) # 0. So we have a non-vanishing section of L, hence L
is trivial. U

4.6. Example. Let M C R" be an (n — 1)-dimensional submanifold. Then we
can define a line bundle NM — M, the normal bundle of M as

NM = {(p,v) ER" xR" :p € M,v L T,M}

(this works for submanifolds of any dimension; in general it is a vector bundle of
rank n —dim M). Then M is orientable if and only if NM is a trivial line bundle.

To see this, note that the latter condition is equivalent to saying that there is
a section n : M — NM such that ||n(p)|| = 1 for all p € M (there must be a
non-vanishing section, which we can then normalize). Such a section n defines
a smoothly varying wunit normal vector to M. Now note that a nonzero vector
y € (T,M)* defines an orientation on T, M by taking as oriented bases by, ..., b,
those that when extended by y give a canonically oriented basis of R”. A section n
as above therefore provides us with a consistent orientation of the tangent spaces,
and conversely.

4.7. Proposition. A manifold M is orientable if and only if /\dimMTM is a
trivial line bundle over M.

Proof. Let k = dim M. An orientation of T,M defines an orientation of A" T, M
(given by the set of all vy A -+ A vg where vy, ..., v is an oriented basis of T,M),
and conversely. So M is orientable if and only if /\k TM is an orientable line
bundle if and only if /\k T'M 1is a trivial line bundle. U

4.8. Example. We can now see in two different ways that the sphere S? is ori-
entable. On the one hand, there is the obvious “outer unit normal field” given by
x+— (x,7), so S? is orientable by Example 4.6. On the other hand, we have seen
in Example 3.13 that /\2 TS? is trivial, so S? is orientable by Prop. 4.7.

In fact, both ways are really the same, as

NM = Hom(A\""'TM, M x \R") = \""'TM*

in the situation of Example 4.6. (If U and U’ are complementary subspaces of a
vector space V, with dimU = k, dimU’ = n — k and dim V' = n, then the wedge
product gives a bilinear map

NTU x N = NV
which induces an isomorphism A" " U’ Hom(/\k UN"V).)

5. PARTITIONS OF UNITY

We have already seen a partition of unity in the proof of Lemma 4.5. Such a
partition of unity is very useful if we want to split a global object into local ones
in a smooth way, or conversely, if we want to glue together local objects to a global
one in a smooth way, like in the proof mentioned above. In this section, we will
prove that partitions of unity exist on manifolds. We follow [\W].
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5.1. Definition. Let (U;);cr and (V;);jes be open covers of a topological space X.
We say that (V;);cs is a refinement of (U;);e; if for every j € J there is some i € [
such that V; C U;.

Let (A;)ies be a family of (not necessarily open) subsets of X. We say that (A;)e;
is locally finite if every point p € X has a neighborhood U such that U N A; # ()
only for finitely many i € I.

5.2. Definition. Let M be a manifold. A partition of unity on M is a family
of nonnegative C*-functions (¢;)jc; on M such that (suppv;);es is locally finite
and > ;;(p) = 1 for all p € M. (The sum makes sense, since there are only
finitely many non-zero terms.)

The partition of unity is subordinate to an open cover (U;);e; of M if for every
J € J there is some ¢ € I such that suppv; C U;. It is subordinate with the same
index setif I = J and suppy; C U; for alli € [ = J.

5.3. Lemma. Let M be a manifold. Then there is a sequence (W, )n>1 of open
subsets of M such that

W, is compact, W, C W1, and M = U W, .
n=1

Proof. In fact, we only need that M is Hausdorff, locally compact (i.e., every
point as a compact neighborhood), and has a countable basis of the topology. Let
(Bm)m>1 be a countable basis of the topology of M; we can assume that B, is
compact for all m. (Just take any countable basis and remove all sets that do
not satisfy the condition. The resulting collection will still be a basis, since M
is locally compact and Hausdorff: Let U C M be open and p € U; let V be
an open neighborhood of p with compact closure. Then there is a basis set B
with p € B € UNV, and the closure of B is a closed subset of V, which is
compact, hence B is again compact.) Now let W, = B and recursively define an
increasing sequence (my,),>1 such that W, = J'" | B,, by taking m,; to be the
smallest integer > m,, with W,, C U4t By,. This defines a sequence (W,,) with
the desired properties. Note that W, C Uzil_m is a closed subset of a finite
union of compact sets, hence compact. [l

5.4. Lemma. There exists a C®-function hy on R¥ with 0 < hy < 1, hy(x) = 1
for ||z|| <1, and hy(x) =0 for ||z|| > 2.

Proof. We start with the function

fR—R t—s e”Vt if£>0,
' ’ 0 if t <0.

It is a standard fact (or an exercise) that f is C*; f(t) is positive for ¢ > 0. Then
g(t) = £
@)+ f(1=1)
is again C*; it is zero for t < 0 and g(¢) =1 for ¢ > 1. We can then define
hi(w) = g(4 = [|=[|*);

this satisfies the requirements. O
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5.5. Theorem (Existence of Partitions of Unity). Let M be a manifold,
(Uy)ier an open cover of M.

(1) There exists a countable partition of unity (v;);jes of M subordinate to (U;)icr
and such that supp v; is compact for all j € J.

(2) There exists a partition of unity (V.);er subordinate to (U;);cr with the same
index set and with at most countably many of the v not identically zero.

Note that in the second case, we cannot require that 1; has compact support.
Consider for example M = R with the one-element open cover given by R itself.

Proof. Let (W,)n,>1 be a sequence of open sets as in Lemma 5.3; let Wy = ). For
p € M, let n, be the largest integer such that p ¢ W_np Pick i, such that p € U;,
and let ¢, be a chart centered at p whose domain is contained in U;, N(W,,, 42 \W_np)
and whose codomain contains the closed ball of radius 2 in R¥, where k = dim M.
Let hy, be the function from Lemma 5.4, and define a,(z) = hy(¢,(x)) for z in the
domain of ¢, and «a,(z) = 0 else. Then o, € C*(M), o, has compact support

contained in U;, N (W, 12\ Wy, ) and takes the value 1 on some open neighborhood
V, of p.

For each n > 1, choose a finite set of points p € M such that the V), cover
W, \ W,,_1, and let J be the union of these finite sets. Then (a;);c; is a countable
family of functions, whose supports form a locally finite family of subsets, so
a =)y jes @ 1s a well-defined C*-function on M, and a > 1 everywhere. We
define ¢); = o /a; this provides a partition of unity with compact supports and
subordinate to (U;)ier.

For the second statement, fix for every j € J an i; € I such that suppvy; C U;,,

and define
Y= > U
jeig=i
Then supp ), C U; (note that the union of a locally finite family of closed sets
is closed), > ;¥ = >, = 1, and ¢ is not the zero function only for the
countably many ¢ € I of the form ;. O

The following is sometimes useful.

5.6. Corollary. Let M be a manifold, A C U C M with A closed and U open.
Then there is h € C*°(M) with h|a =1, hjany =0, and 0 < h < 1.

Proof. There is a partition of unity (¢, a) subordinate to the open cover
(U, M\ A) of M with the same index set. We can then take h = ¢y . O

6. VOLUME INTEGRALS ON SUBMANIFOLDS

We now want to discuss how to define volumes of submanifolds of R™, or more gen-
erally, integrals of functions on submanifolds with respect to volume. The reason
for looking at this case first is that the ambient space R™ gives us a natural notion
of volume for k-dimensional parallelotopes; we can then use this to approximate
the volume of the manifold.



22

6.1. Reminder: “Flat” Volume Integrals. Recall the “unoriented (Riemann)
integral” of a sufficiently nice function f : R¥ — R (e.g., f continuous) with

compact support,
/f ) |d¥z| = hm kN Z flze)

CEDN Rk

where Dy (R*) is the set of “lattice cubes” of side-length 27V in R* and z¢ € C is
some choice of representative point. The limit exists and does not depend on the
choice of the z¢ if f is Riemann integrable (which is what we mean by ‘nice’).

The idea was to cut R* (or the support of f) into little pieces (which are chosen
to be cubes here), estimate the integral on each little piece by its volume times a
representative value of f, and sum the numbers thus obtained.

6.2. Submanifolds. Now consider a k-dimensional submanifold M C R™. For
simplicity, assume that M is described by a single chart ¢ : M — V C R*. Let
f: M — R be continuous (say) with compact support. Then fog¢™:V — R is
continuous with compact support, and we can extend it (by zero) to a continuous
function on all of R*. In order to approximate [,, f(z) |d*z|, we can use the chart.
We cut R* into pieces C as before and try to approximate the integral of f over
the image in M of each little cube. Since locally ¢! is very close to a linear map,
the little cube C will map to something very well approximated by a parallelotope;
this parallelotope is spanned by 2~ times the partial derivatives of $~!. So we
would like to take

/f J|d*z| = lim 27 > F(¢7 (we) volk (P(D(67)ae)) -

CG'DN Rk

Here, P(D(¢™'),) denotes the parallelotope spanned by the columns of the matrix
D(¢™Y),, and x¢ € C is, as before, some choice of representative point.

6.3. Volumes of Parallelotopes. In order to turn this into something useful, we
need to know how to compute the k-dimensional volume of a k-dimensional par-
allelotope in R™. For this, we recall that the volume of the parallelotope spanned
by the columns of a k x k matrix A is given by |det A|. This is not immedi-
ately useful, since the matrix D(¢~!), will not be a square matrix in general.
However, note that we can also write the volume above as y/det(ATA) (since
det(ATA) = (det A)?). Now if ay,...,a; are the columns of A, the (i,7)-entry
of ATA is the inner product a; - a;. This means that the entries only depend on
the lengths of the a; and the angles between them. (Recall that a - a = ||a|* and
a-b=la| bl cosc, where 0 < a < 7 is the angle between a and b.)

This is now something we can carry over to k-parallelotopes in R™: The k-
dimensional volume of the parallelotope spanned in R™ by the columns of the
n X k matrix T is

voly P(T) = /det(TTT).

6.4. Definition. In the situation considered in 6.2 above, we define

[ @ idtal = [ £(67@) aer (DI D(01),) d'al.

More generally, we can define such an integral whenever f has compact support
contained in the domain of a chart of M.
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We need to check that this definition does not depend on the chart. So let f
have compact support contained in the domains of two charts ¢ and ¢’, and let
® = ¢' o ! be the transition map. We can assume that ¢ : U — V and
¢’ : U — V' have the same domain; then ® : V' — V' and the change-of-variables
formula gives (note that ¢! = (¢/)~! 0 ®):

[ £67@) Yaer (D)1 D0 1),) d's]

F((#)7(®(@)) y/det (D)~ DB2)T D) o) DP,) |d¥]

T

F((&)H(@(@)))/det (DUS) 1)y DUS) Mag) | det D, |[d"a]

= [ £(@) @) aer(D@) Dy D), I
V/
So we get the same result from both charts.
We now generalize to functions whose support is not necessarily contained in the

domain of a chart. The tool we use for this is a partition of unity.

6.5. Definition. Let M C R" be a k-dimensional submanifold, and let f : M —
R be a function. Let (¢);); be a countable partition of unity on M such that each
1 has compact support contained in the domain of a chart of M. Then v, f is a
function with compact support contained in the domain of a chart ¢; : U; — Vj.
We say that f is Riemann integrable if for each j, the function

VR, we (651 (@) (65 (2))/det (D(6~)I D(671),)
is Riemann integrable, and Y=, [, [4;(2) f(2)] |d*z| converges.

/f ) |dFz| = Z/qp] z)|d*z] e R

exists and is deﬁned to be the (. Rzemann) integral of f over M.

In this case,

If f is continuous with compact support, then f is Riemann integrable over M.
In particular, if f is continuous and M is compact, then f is Riemann integrable
on M. If the constant function 1 is Riemann integrable on M, we call its integral
Jos |dF x| the (k-dimensional) volume of M.

We have to check that this definition does not depend on the partition of unity
we choose. First, let (¥;,) be a refinement of (1);); this is a partition of unity
such that for each j, only finitely many W, , are not identically zero, and such that
;= , V. Since we can take a common chart for ¢; and all the ¥, ,, it is clear
that we get the same result with both partitions of unity.

Now consider two arbitrary partitions of unity (v;) and (¢;) satisfying the assump-
tions of the definition above. Then ¥;, = ;1 gives rise to a common refinement
of both (reversing the indices j and ¢ to view it as a refinement of (¢;)), so by the
argument given in the preceding paragraph both partitions give the same result.

In practice, when you want to do computations, it is not very convenient to work
with partitions of unity. If we have a chart (or finitely many charts) that covers
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“most” of M (that have disjoint domains covering “most” of M), where “most”
means everything except a subset of k-dimensional volume zero, then we can use
this chart (these charts) to compute volumes and integrals.

6.6. Example: Length of a Curve. As a first example, take a curve (one-
dimensional submanifold) in R", parametrized by a smooth map v : I — R",
where [ is an open interval. If a,b € I, a < b, then the length of the part of the
curve between y(a) and y(b) is given by

/ MOILS

For example, if we consider the unit circle parametrized by () = (cost,sint),
then ||/(¢)|| = 1, and we find that the length of the circle is 27.

If we look at a logarithmic spiral v(t) = (e cost, e®sint) (with ¢ > 0), then we
have

1Y ()| = \/(ect(ccost — sint))2 + (et(csint + cost))2 =eVe2+ 1.

We obtain for the length between y(a) and ~(b) the result

C

b
241
lop =V + 1/€Ct dt = L(ebc —e%).
Note that this has a limit for a« — —oo and b fixed.

6.7. Example: Area of Sphere. Now consider the sphere S?. If we remove one
‘meridian’, we can parametrize it by spherical coordinates:

F:0,2n[x |-2,2[ — R®, (t,u) —> (costcosu,sintcosu,sinu).
The derivative of F' is

—sintcosu —costsinu

DFyu = | costcosu —sintsinu |
0 CoS U
SO
2
T cos“u 0
DEquwDPFew = ( 0 1)
and

\/det (DF,,DF4.)) = cosu.
(Note that cosu > 0.) Therefore, the area of the sphere comes out as

o /2 27

//Cosududt:/th:47r.

0 —m/2 0
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6.8. Example: Higher-Dimensional Spheres. We can parametrize S” in a
similar way by

F:lo2n[x ]2, 1" — R",

COS U1 COS Uy COS U3 * - + COS Uy,
Sin w1 COS Ug COS U3 + * + COS Uy,

Sin uo cOS U3 « - - COS Uy,
(u17 o un) —

Sin U,,_1 COS Uy,
sin u,

We then find that

\/det (DFTDF) = cos s cos®uz -+ - cos™ L, .

Therefore, the volume of S™ is

/2 /2 /2
27 / cos Ug dus / cos? ug dusg - - - / cos™ Y, du, = 2apay . .. ap_1,
—7/2 —7/2 —7/2

where a; = f:{ 32 cos® t dt. We have the recurrence

E+1
k+2

Gy =T, a1 =2, Qo= ak

(obtained via integration by parts). From this, we obtain by induction that

21
k+1°

Q10 =

Hence, by induction again,

2 n+1
vol §2"+1 = 2m(ayaz) - - - (agn—_1G9,) = i ,
n!
and
2n+1,ﬂ_n
1S2" — 9 o (Aop—2a9n—1) = .
VO (apay) -+ - (agp_2a9, 1) (2n—1)(2n—3)---3-1
With the convention that (—%)! = /7 and the usual recurrence for factorials,

these can be combined into the single formula

27T(n+1)/2

vol S" =

6.9. Example (Mo6bius Strip). As another example, consider the Mobius Strip M
embedded in R? as the image of the map

F:Rx]-1,1[—R®, (t,z) — ((1+zcost)cos2t, (14 zcost)sin2t, xsint).

The inverse of F, after restricting it to |0, 7| x |—1,1[ is a chart of M that covers
all of M except the image of {0} x]—1, 1[ under F' (which is a line segment in R?).
Using another chart (restrict F' to |—e, e[ x |—1, 1[), we see that its characteristic
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function is integrable, with integral zero. So the volume (= area) of M is not
changed when we remove this line segment. We can then compute the volume as

voly(M) = / \/det(DFTDF,) |d*z|
J0,7[x]—1,1]
T 1
:/ V22 +4(1 + xcost)? du dt
0 -1
~ 13.254 > 47

(The integral apparently cannot be evaluated in closed form.)

6.10. Example (Graphs). Consider an open subset U C R* and a smooth func-
tion f: U — R. Then the graph of f is I'(f) = F(U), where

F:U— R 2+ (x,f(x)),
it is a k-dimensional submanifold of R**!. The derivative of F is a (k+1) x k matrix
whose upper k rows form an identity matrix, and whose last row is the gradient
V[ of f. Therefore, DF'T - DF = (Vf)'V f+ I}, and det(DFTDF) = 1+ ||V f]||?
(this is a linear algebra exercise). So finally,

vol, T'(f) :/\/1 FIVAIE |d]
U

7. THE FORMALISM OF DIFFERENTIAL FORMS ON R"™

Our main goal in the following is to prove the general version of Stokes” Theorem:

/dw:/w.
M oM

In order to do this, we first have to explain the various objects in this formula.

The main thing to be defined is the notion of a differential k-form, which is the
type of thing w is; it is the kind of object that naturally can be integrated over a
k-dimensional domain.

7.1. Definition. A k-form on a real vector space V' is an alternating multilinear
map VF — R.

In more down-to-earth terms, w : V¥ — R is linear in each of its arguments sepa-
rately (this is the meaning of ‘multilinear’) and w(vy,...,vx) =0if vy,..., 0, € V
are linearly dependent (this is equivalent to ‘alternating’, given that w is multilin-
ear; ‘alternating’ by definition means that w vanishes if two of its arguments are
equal).

If V. =R", we can write down some k-forms. Namely, let i1,... i, € {1,2,...,n}.
Then we define the k-form dx;, A dx;, A--- A dz;, by

Aip1 ot Qigk
a1 12 a1k ! !
. . ) Aip1 0 Qg
(dxl-l/\dxh/\--‘/\dxik) N I I R = det ,
an1 an2 Qnk
Qi1 Qi k

That this is a k-form follows from the fact that the determinant is multilinear and
alternating. Considering the determinant as a function of the rows, we also see
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that dz;, \- - -Adx;, is zero when two of the indices are equal and changes sign when
two of them are swapped. Therefore, we can restrict to 1 < iy < iy < -+ < ip, < n.
It can be shown that the set of k-forms obtained in this way is a basis of the space
of all k-forms on R™, which therefore has dimension

dim(AFR")" = (Z) .

For example, up to scaling, there is only one n-form dx; A- - - Adx,, and it is given
by the determinant of the matrix obtained from the entries of the n vectors.

7.2. Definition. Let w be a k-form and 7 an [-form on R™. Then we define their
wedge product as

1
(WA (oL, ven) = Y e(0)(Vo1)s - V) Vort1s - - > Votrrn)

O'ESkJrl

= Z E(U)W(%u), . ,Ua(k))ﬁ(va(k+1), ce ,Ua(k+1)) .

UES}C,Z

Here (o) is the sign of the permutation o, and Sy ; denotes the set of (k, 1)-shuffles;
these are permutations o € Sk such that o(1) < -+ < o(k) and o(k+1) < --- <
o(k+1). (Exercise: prove the second equality above.)

w A is then a (k + [)-form on R™.

7.3. Remark. The wedge product is associative and commutative up to sign:
(Wi Awp) Awg = wi A (e Aws) =t w1 Aws Aws and nAw=(—1)"wAn

when w is a k-form and n is an [-form.
Proof. Exercise. O

Note also that this notation is compatible with the notation dxz;, A --- A dx;, used
earlier: this k-form really is the wedge product of dz;,, ..., dxz;,.

What we will be interested in in the following are not just k-forms on R", but
k-forms that depend smoothly on a point x € U, where U C R" is an open set.
(And later, we will generalize this notion to manifolds.)

7.4. Definition. Let U C R" be open. A differential k-form on U is a smooth
map w : U 2 v — w, € (/\k R™)* that associates to every x € U a k-form w,
on R". In down-to-earth terms, this means that

we= D fuea@)dey Ao Aday,

1<i1 << <n
with f;, .. € C=(U).

We will usually just speak of “k-forms” when we mean “differential k-forms” and
hope that this will not lead to confusion.

We define the wedge product of two differential forms on U point-wise:

(WAN)e = we A -



28

7.5. Example. On R3, there are

e (-forms; these are just smooth functions;

e l-forms fdx + gdy + hdz; they correspond to vector fields F = (f, g, h);

e 2-forms sdy N dz — tdx A dz + udx A dy; we can let them correspond to
vector fields U = (s, ¢, u) again;

e 3-forms rdx A dy A dz, given by the function 7.

However, one has to be careful with these identifications, since the transformation
behavior is quite different — a 1-form really gives a cotangent vector at every
point and therefore transforms differently under diffeomorphisms than a vector
field, which gives a tangent vector at every point, and 2-forms transform still
differently from that. Also, 3-forms transform differently than functions. See
below where we introduce the pull-back of a differential form. On R3, we can
make these identifications, because we have a fixed euclidean structure (i.e., we
have a canonical inner product).

We need some more ingredients in order to understand the formula giving Stokes’
Theorem. One of them is the exterior derivative of k-forms.

7.6. Definition. Let f be a 0-form on U C R” (i.e., a smooth function). Then
we define the 1-form df by

If w= Zi1<_,_<ik firoip dxiy A --- Adx;, is a k-form on U, then we define the
(k + 1)-form dw by

dw = Z dfi17“‘aik A dl‘il VANEIEIVAN dIzk

1< <ig

(where df;, . ;, is defined as above.)

k

7.7. Remark. df encodes the directional derivatives of f:

) — tiug L) = (@)

h—0 h

One can interpret dw in a similar way, compare [HH].
7.8. Examples. Let us go back to R? and see what the exterior derivative means
for the various kinds of forms.

e If f is a function (0-form), then the vector field corresponding to df is just
the gradient V f of f.
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e If F is the vector field corresponding to the 1-form w = fdx+ gdy + h gz,
then we obtain

dw = df Ndx +dg Ndy + dh A dz

:gdx/\dxjtgdy/\dx—l—gdz/\dx
ox dy 0z

dg dg
+6_xdx/\dy+8_y

h h h
2 ende s Py ndr+ 2 s pae
ox dy 0z

oh g of  Oh dg Of

=Gy~ a:) = (G, = gp) dends s (5, = 5, ) e

(note that do Adx = 0, dy A de = —dx A dy etc.). The vector field
corresponding to that is the curl V x F of F.
e If U is the vector field corresponding to the 2-form

n=sdyNdz—tde ANdz+udx Ndy,

9]
dy/\dy—f-—gdz/\dy
0z

then dn is given by

Jds Ot Ou
9z oy 02
and corresponds to the divergence V - U of U.

dn:ds/\dy/\dz—thdx/\dz+duAda:/\dy:( )dm/\dy/\dz

So we see that all these different operations from vector analysis really are just
different incarnations of the same uniform principle. (This correspondence also
explains the perhaps at first sight non-obvious way we did the identification of
2-forms and vector fields.)

7.9. Remark. We have a modified Leibniz rule for the exterior derivative of a
wedge product, and taking the exterior derivative twice gives zero:

dwAn) =dwoAn+(=1)*wAdy and ddw=0,

where w is a k-form.
Proof. Exercise. [l

Also note that our notation dz; is compatible with our general definition, if we
think of z; as the ¢th coordinate function on R™.

What is the purpose of a k-form? It wants to be integrated over some k-dimensional
domain. Let us first do it for n-forms.

7.10. Definition. Let w = f(x)dx; A --- A dx, be an n-form on an open subset
U C R". Then we define

[w= [ @i,

U U

where the integral on the right is the multiple integral known from Analysis II.
Note that our integral is an oriented integral: if we change orientation by switching

two of the coordinates, then w (i.e., f) changes sign, and so does the integral.

Before we can define integrals of k-forms, we need to look at how k-forms should
transform under diffeomorphisms, or more generally, smooth maps.
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7.11. Definition. Let ¢ : U — V be a smooth map, where U C R™, V' C R" are
open, and let

W= Z Jivin d2iy N+ Ndzy,

be a k-form on V. Then we define the pull-back of w to U as
Prw= Z (fir, i © D) dpiy A=+ Nddy, .

1< <ip

Here ¢ = (¢1,...,¢,), and d¢; is the exterior derivative as defined above.

7.12. Remark. Pull-back is compatible with exterior derivative and wedge prod-
uct:

¢*(dw) =dp*w and ¢*(wAN) = d'wA P™n.
If ¢ : W — U is another smooth map, then (¢ o ) *w = *(¢*w).

Proof. Exercise. O

7.13. Example. If w = fdx; A---ANdx, isan n-formon V C R"and ¢ : U — V
is a smooth map, where U C R", then

P'w=(fo¢)dp N+ Ndg, = det(De) (f o ¢)dzy A+ Adu, .

This implies the following.

7.14. Lemma. Let ¢ : U — V be an orientation-preserving diffeomorphism,
U,V C R"™ open, and let w be an n-form on V. Then

o [ o[-
U o(U) %4

Proof. Let w= fdxy A---Adzx,. We have

/¢> w—/f ) det(Dg) |d"z]
/f )) | det(De)| d™e| = /f sl = [ o

v

Here we used that det(D¢) > 0 (¢ preserves orientation) and the transformation
formula for integrals. U

If ¢ reverses orientation, then we will get a change of sign.

Now we can define the integral of a k-form over a parametrized k-dimensional
subset of U C R™.

7.15. Definition. Let U C R™ and V C R¥ open, let ¢ : V — U be a smooth
map, and let w be a k-form on U. Then we define

o
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7.16. Remark. This integral is invariant under orientation-preserving re-para-
metrization: if ¥ : V' — V is an orientation-preserving diffeomorphism, then

Je ]

porp
Proof.
[o=[@ovre=[uw@e=[o =/
potp V! G \%
Note the use of Lemma 7.14 above. O

7.17. Example. We can now, for example, integrate a 1-form along a parametrized
curve. Let fdx + gdy + hdz be a 1-form on some open set U C R3, and let
v : I — U be smooth, where [ is an interval. Then

/(f dx +gdy+ hdz) = /(f(v(t))%(t) +9(v(1))72(t) + h(y())v5(1)) dt .

¥ I
In terms of the vector field F corresponding to the 1-form, this reads

/(fdx+gdy+hdz) = /F(’y(t)) -A(t)dt.

gl I
We can now already prove a special case of Stokes” Theorem.

7.18. Lemma (Baby Stokes). Let H = R_oxR""! be the lower half-space in R™,
let w be an (n — 1)-form on R™ with compact support (all the coefficient functions
occurring in w have compact support), and let ¢ : R"1 — R" z+ (0,z). Then

Zdw:!w

We use the lower (instead of the upper) half-space in order to get the correct
orientation of the boundary {0} x R"~! when we use the obvious parametrization.

Proof. We can write

W = Z(—l)i_lfl‘ dl‘l VANCIVAY dl’i_l VAN d$i+1 A A dl’n .
=1
Then
o,
dw =
“ i axz

By Fubini’s Theorem and the Fundamental Theorem of Calculus, we have

/gfi 21 - -Adan, /(/gfldxl)uch dxn|—/f10:c\d”1] /w.

Rr—=1 0 @

dri A - Ndx,, .

In a similar way, we find for ¢ > 2 that

ofi 0fi
/ail T1 VANRIERIVA d.Tn = /(/ af dl’l) ’d.’El d$i,1dl'i+1 e d.fEn‘ =0.
H

Hi —00
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Here H; = {0} x R"? is the projection of H that forgets the ith coordinate.
Combining these relations gives the result. U

8. DIFFERENTIAL FORMS ON MANIFOLDS AND STOKES’ THEOREM

In order to be able to formulate Stokes’ Theorem, we have to look at open subsets
of manifolds and their boundaries.

8.1. Definition. Let M be an n-dimensional manifold, U C M open. A point
p € OU is a smooth boundary point of U if there is a chart ¢ : U' — V of M

centered at p such that ¢(UNU') = HNV, where H = Ry x R"! is the lower
half-space.

Note that this implies that ¢(OU NU’) = ({0} x R*™') NV and that all points in
oU N U’ are smooth boundary points.

We say that U has smooth boundary if all p € QU are smooth boundary points
of U. This is equivalent to the requirement that QU can be covered by charts of M
with the property required above.

8.2. Remark. When U has smooth boundary, then OU is an (n — 1)-dimensional
manifold in a natural way. If M s oriented, then OU inherits an orientation.

Proof. Let U have smooth boundary. Then OU is covered by charts ¢ as above,
and we obtain charts of OU by restriction:

¢ oUnU 2 ({0} xRNV =V c R

where V' = {v € R"! : (0,v) € V}. The transition maps between these charts are
restrictions of transition maps between charts of M and therefore diffeomorphisms.

If M is oriented, we can choose the charts to be compatible with the orientation
(except when dim M = 1; then the boundary point gets negative orientation when
the chart is orientation-reversing). Since the transition maps preserve the lower
half-space, their derivatives at points on the boundary hyperplane do as well, and
we find that

A0 --- 0
*
Do =
Do’
*
with A > 0, hence det(D®) > 0 implies det(DP’) > 0. O

For an oriented curve, this means that the endpoint gets positive orientation, and
the starting point gets negative orientation. For a subset of R?, we orient the
boundary curve counter-clockwise.

Now we extend the notion of differential forms to manifolds.
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8.3. Definition. Let M be a manifold. A differential k-form w on M is a section
of the vector bundle ( N TM )* (whose fiber at = € M is the space of k-forms on
the vector space T, M). We denote by QF(M) the R-vector space of differential k-

forms on M. For example, QY(M) = C>°(M) is just the space of smooth functions
on M.

In more down-to-earth terms, for each chart ¢ : U — V of M, w is represented by
a differential k-form w, on V, such that for any two charts ¢, ¢ with transition
map ¢ = ¢/ o ¢!, we have w, = P*wy (on the relevant overlap).

The notions and properties of wedge products, exterior derivatives and pull-backs
carry over to differential forms on manifolds. (Do it on charts and observe that
everything is compatible.)

8.4. Example. Let us consider 1-forms on the circle S!. We use the two charts
o1 = (f|],,r,,,[)71 and ¢y = (f|]0727r[)71, where f : R — S', t — (cost,sint) is
the usual parametrization. Note that the transition map ® = ¢, 0 ¢;* goes from
|—m,0[ U0, 7[ to |0, 7[ U |m, 27| and is translation by 27 on the left interval and
the identity on the right interval. If we write

Wy, = (t)dt (—m<t<m) and  wy, = ho(t)dt (0 <t <2m),

then we need to have that hy(t) = ho(t + 27) for —m <t < 0 and hy(t) = ho(t) for
0 <t <. This can be interpreted by saying that h; and hy are both restrictions
of a 2m-periodic function h on R. In fact, we have f*w = h(t) dt.

Finally, we need to define integrals of differential forms.

8.5. Definition. Let M be an oriented n-dimensional manifold, w € Q"(M).
Cover M by oriented charts ¢; : U; — V;, and let (¢;) be a subordinate partition
of unity. We say that w is integrable over M if

Z/|(¢jw)¢j| < 00.
s
Here, we define

/|fdx1/\-~~/\dxn]—/|f(x)||d”x].
1% 1%

If w is integrable over M, we set
/w = Z/(ij)¢j :
M T

As before, it can be checked that this does not depend on the choice of charts or
the partition of unity.

8.6. Definition. Let M be a manifold, let M’ be an oriented k-dimensional man-
ifold, let ¢ : M’ — M be a smooth map, and let w € Q¥(M). Then we set

of

(if ¢*w is integrable over M’). Note that as before, this integral is invariant under
orientation-preserving re-parametrization.
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If U € M is open with smooth boundary, M an oriented n-dimensional manifold,

w € Q" Y(M), then we write
/w for /w,

U b
where ¢ : QU — M is the inclusion, and QU is oriented as in Remark 8.2.

Now we can state and prove Stokes” Theorem.

8.7. Theorem (Stokes). Let M be an oriented n-dimensional manifold, U C M
open with smooth boundary, w € Q"1 (M). Assume that U is compact or that w

has compact support. Then
/ dw = / w.

U oUu

Proof. We cover U by charts ¢; : U; — V; such that charts meeting the bound-
ary OU are of the form required in Definition 8.1. Choose a subordinate partition
of unity (¢;) with compact supports (we can re-number the charts to have the
same index set, letting ¢; denote a chart whose domains contains supp ¢;; we may
have repetitions of charts, but we don’t care). There will only be finitely many
1; such that its support meets U and the support of w (recall that the family of
supports of the 1; is locally finite). We then have

Jao= [a(Suw) =3 [aww) =3 [twe.) =3 [d(we.,).

Note that the sum is finite, so there is no problem in interchanging it with the
integration.

Now if U; NOU = (), then (by an argument similar to that used in the proof of the
‘Baby Stokes’ result Lemma 7.18)

/d((%w)qﬁj) =0.
Vj
In the other case, we find by Lemma 7.18 that
/d((%w)@) = /(%w)¢;,
v; v/
where ¢ : U; N OU — V[ is the chart of QU obtained by restricting ¢; and

projecting to the last n — 1 coordinates (compare Remark 8.2). Let Z; denote
the sum restricted to those j such that U; N OU # (). Then we find

Jas=5 [y =5 [oso= [ o= [
J iV i ou ou 7

aUu
(Note that on 0U, Z; P; =1.) O
9. INTERPRETATION OF INTEGRALS IN R"

Let us see what Stokes’ Theorem tells us about integration in R?® (or in R™). First
we need to find out what integrals of k-forms on R?® correspond to.
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9.1. 0-Forms. A 0-form is just a function f € C*(R") = Q°(R™). We can inte-
grate it over a 0O-dimensional subset, which is just a finite collection of oriented
points. On a single point p € R", we have

/f ==£f(p)

where the sign denotes the orientation of the point (and is not applied to the
coordinates of p!).

9.2. 1-Forms. A 1-form on R" has the shape

w= fi(x)dz, + folx)deg + - + fo(x) dz), .
We can identify w with the vector field F = (f,..., fu)'.
If v : [a,b] — R™ is a curve, then
b
/ w= / AOW)AO -+ £0O)70) dt = [PO0) O de= [ Fvida]:
a ¥

the latter denoting the unoriented integral; v denotes the unit tangent vector in
direction of the orientation of the curve. For this, we assume that 7/(¢) does not

vanish; then v/(t) = v(v(¢))[|7/(t)||, and ||7/(t)]| is the factor \/det(nyT D) in the

definition of the volume integral (which can be carried over to immersed manifolds,
i.e., subsets parametrized by open subsets of R* such that the derivative of the
parametrization (like v here) has maximal rank k everywhere).

Note that F - v gives the tangential component of the vector field along the curve.

9.3. (n —1)-Forms. An (n — 1)-form on R" looks like this:
n=ui(x)dxs A\ -+ Ndx, —us(z)dzy Ndzs A -+ Ndx, +
+ (=)t (z) doy A -+ Adxy, g

Z dIl VANCRIIVA dl’i_l N dlL‘H_l VASRREIVAY d[En .
=1

We can identify  with the vector field U = (uy, ..., u,)".

If  : W — R" (with W C R"™! open) parametrizes a hypersurface in R", then
we have

!nz!cﬁ*n

- /(i(—l)i_lui(qﬁ(m)) Aoy A . ..dpiy Nddipr N+ A dgf)n)

W =1

. 0 9

) /det(U(qs(x)),ajl,...,axd’_l) |
w
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Here, n 1s the unit normal vector to the tangent space of the hypersurface such

that n, (% s afd) is a positively oriented basis. It can be checked that
n—1

det(U(gb(m)), gi"“’ajf) — U(¢(2)) - n(¢(x)) V/det(Dg] Do,) .

(“Volume of n-dimensional parallelotope is volume of base times height.”)

So here the integral gives the normal component of the vector field. If we interpret
the vector field as a flow (of some fluid, for example), then the integral gives
us the total flow through the hypersurface in the direction given by n (which
depends on the orientation of the hypersurface). Note that if the hypersurface
is the boundary of some open subset U C R”, then n is the outer unit normal,
pointing away from U.

It remains to check equality (x) above. Expanding the d¢,’s, we find
dor N - - Ndoi—1 Ndpirg A -+~ Ndoy,

9r)  Obrm-1)
— E i i dzy A - A d,
5( >a$0 axg(n_l) HATVAN N dT,_1q

oESH_1

=det(D¢);dxy A -+ Ndxp_1,

where 7;(k) = k if k <4, 7;(k) = k+ 1 if k > ¢, and (D¢); denotes the matrix D¢

with the 7th row removed. We then have
n

j{jc—lf—luaﬂﬁlA---/\d¢ﬂ_1n\d¢pﬂ,A---/\d¢n

i=1

= Z )" g det(De); dxy A -+ Ada,

= (U, D¢) del VANRRREIVAY dl’n—l

as claimed.

9.4. n-Forms. Finally, an n-form on R" is given by
r(z)dxy Ndxg A - Ndxy, .
for an open subset U C R", we then simply have

/T(CL’) dey Ndzg N -+~ Ndx, = /T(I) |d" x| .

U U
Now we can interpret Stokes” Theorem in these cases.

9.5. Stokes for Curves and 0-Forms. Let v : [a,b] — R™ be a curve, f €
C*(R™). Then

(/#th@ﬁ—fﬁm»,

~

/df:/Vf-v\dx\z/va|dx|
5 5

N
is the integral of the directional derivative of f in direction of the unit tangent
vector of the curve. This generalizes the Fundamental Theorem of Calculus to line
integrals.

and
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9.6. Stokes for Open Subsets and (n — 1)-Forms. Let U C R" be an open
subset with smooth boundary OU and assume (say) that U is compact. Let n €
QO"~1(R"), corresponding to the vector field U as above. Then

dn:ZaxidxlA..~AdxnZVUda;l/\.--Adxn;
=1

V - U is the divergence of U. We then obtain what is known as the Divergence
Theorem (also called Gauss” Theorem,):

/V Uld"z| = /U n|d" 'z

where n is the outer unit normal vector. This says that the total flow out of the
set U is the same as the total divergence of the vector field inside U; this justifies
the interpretation of the divergence as the amount of flow that is ‘generated’ at a
point.

9.7. Green’s Theorem. This is the special case n = 2 of the preceding in-
carnation (or also the planar case of the following). If S C R? is open and
bounded with sufficiently nice boundary curve 9S (oriented counter-clockwise),
and f,g € C>(R?), then

/(g_f;__> |dz dy| = /(fdl’-i-gdy).

S os

9.8. Example. Let U C R? be the upper semi-disk of radius R. To find

/(x2 dx + 2zy dy) ,
ouU

we can parametrize the two parts of the boundary and then have to integrate some
polynomial in sint and cost. Alternatively, we can use Green’s Theorem and get

R VRZ—z2 R A
/(ac2d:r;+2xydy) :/2y|dxdy\ :/ / 2y dydr = /(RQ—x2)dx: gR?’,
ou U “R 0 “R

9.9. Stokes for Surfaces and 1-Forms on R?. Let w € Q'(R?), and let ¢ :
W — R? be a parametrized surface (with W C R?). Let F be the vector field
corresponding to w. If U is the vector field corresponding to dw, then we have
U =V xF,ie., Uis the curl of F. From Stokes’ Theorem we obtain what is in
fact the original result of Stokes:

/(VXF>.n\d2xy:/F.v\dx|.

S oS

Here, S is the oriented surface parametrized by ¢, and 05 is its boundary curve,
oriented such that we move around S counter-clockwise when looking from the
side in which the normal vector n points. This leads to the interpretation of the
curl as giving the amount of rotation of the flow around a given axis (here, n).
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9.10. Example. Let C C R3 be the curve that is the intersection of the cylin-
der 22 + y? = 1 and the graph z = f(z,y) of a smooth function (for example,
z = sin(10'zy) + 2), oriented clockwise when seen from ‘above’ (i.e., from large
positive z values). We want to find

/(y3dx+xdy+zdz).
C

We can parametrize C' by v(t) = (cost, —sint, f(cost, —sint)), but this is likely
to result in a rather ugly integral (but see below). Instead, we can use Stokes’
Theorem: let a € R such that f(x,y) > a for all (z,y) on the unit circle, and let
S be the surface that is the cylinder intersected with a < z < f(z,y). Let C”" be
the circle 22 + y? = 1, z = a, oriented counter-clockwise when seen from above.
Then 0S5 = C' + ' (in suggestive notation), hence

/(y3 dr+x dy+zdz) = /O |d2x|—/(y3 de+z dy+zdz) = — /(y3 dx+x dy+z dz)
c s cr cr

(note that the curl of the vector field in question is (0,0,1 — 3y?)" and the unit
normal vector on S is (z,1,0)", so the curl has vanishing normal component —

there is no flow through the surface of the cylinder). For the integral over C’, we
can parametrize as usual and obtain

2 2
—1-8 2t 4t
- /(yg dr+z dy+zdz) = /(sin4 t—cos?t) dt = / COSS T eosA _%_
6% 0 0

Here is a different approach. Note that
Yy do+xdy+ zdz =d(zy + 32°) + (y° —y) de.
By Stokes for 0-forms, this implies that

/(y3dx+xdy+zdz):/(y?’—y)dx.
c C

The latter integral can be computed fairly easily from the parametrization (since
it does not involve z or dz); we get

2w

/(sin4t —sint)dt = —

0

T
4
as before.

10. CLOSED AND ExacT FORMS

10.1. Definition. Let M be a manifold, w € QF(M). We say that w is closed, if
dw = 0. We say that w is ezact, if w = dn for some n € Q*"}(M). (When k = 0,
then only w = 0 is exact.)

It is easy to see that every exact form is closed. What about the converse?

It is certainly not the case that a closed 0-form (which is a locally constant func-
tion) is necessarily exact (the zero function). So the question is only interesting
for k > 1.
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10.2. Example. Consider w = fdz € Q'(R). Then dw = 0 (since there are no
non-trivial 2-forms on R). I claim that w is exact. Indeed, we can define

F<x>:]f<t>dt:/w,

[va]
and then w = F'(z) dx = dF.

10.3. Example. Let ¢ : R — S! ¢ — (cost,sint), be the standard map. If
w € QYSY), then ¢*w = fdt with a 27-periodic function f, and conversely. If
w=dF, then f(t) = (F o ¢)'(t); the function F o ¢ € C*(R) is 2m-periodic. This
implies that

/f(t) dt = /F(¢(t)) dt = F(2r) — F(0) = 0.

So, for example, if ¢p*w = dt, then w cannot be exact, since fo% dt =27 # 0. This
argument can be extended to show that the linear map

Q'S — R, wr—>/w
St

is surjective and has kernel the subspace of exact forms dQ°(S!).

We will now generalize the first example above and prove the following.

10.4. Theorem. If w € Q¥(R") is closed and k > 1, then w is eract.

Proof. We want to do induction on the number of variables. So we define QF (R") C
QOF(R"™) to be the subspace of all k-forms that only involve dxy, ..., dz;, and for

w = Z fil ,,,,, ik dl’il A A dﬂ?lk < Qf(Rn> ,

1<y < <ig <l
we set
d(l)w = Z d(l)fll ..... i VAN dx,-l VANRREIVAY d.fL’zk y
1<) << <l

where

axi
The statement we now prove by induction on [ is the following.
If w € QFR™) with k > 1 and dYw = 0, then there is n € QF ' (R") such that
w = dWy.
For [ = n, we have QF(R") = QF(R") and d™ = d, so we obtain the statement of
the theorem.

We start with [ = 1. If w # 0, then we must have w = fdz;, and dVw = 0
is automatic. We define n(z) = [* f(t, 22,...,3,) dt; then w = dMny, compare
Example 10.2 above.

l
d(l)f - Z af dazi.
i=1

Now assume the statement is proved for [, and we want to prove it for [+ 1. So let
w € QF (R") with k£ > 1 and d"*Yw = 0. Then we can write w = wi + ws A dzi41
with w; € QF(R™) and wy € QF 1(R™). We have

0=d"Vw = dVw;, +u' Adri
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for some w’ € QF(R™). Since dYw; does not involve terms with dz;, 1, this implies
that dYw; = 0 as well (looking at coefficients of the standard basis). By induction,
there is n; € Qf‘l(R”) such that d(l)nl = wy. Write

d = dYn + o Adry = wr e Adag

and set
B =w—d"n = (wy —no) Ny .
We have d*D@ = @+ — ¢y, =0, so
dO(wy —mo) Adry = dY (wy — me) Adayyy = dT Vo =0,

which implies that d®(wy —12) = 0. If k > 2, then by induction again, there is
¢ € QO 3(R™) such that d¢ = wy — 15. Then

d(l+1)<7ll + (A dapyy) = d(lH)Th + d(l)C A dziyq
= w1 + M Adry + (W2 — m2) A daig

=w +wa ANdrj1 = w,

and we are done. If £ = 1, then h = ws — 15 is a function that does not depend
on xy,...,x;. Write h(x;yq,...,x,) for it and define
Zi41

H([p): /h(t,]}l+27...,l'n)dt and ni:n1+H

Then
d(l+1)77/1 = d(l+1)771 + d(l+1)H = wi + T2 d$l+1 + hdl‘l+1 = w1 + w2 dl’prl = Ww,

and we are done again. U

Note that since everything commutes with pull-backs, the same result holds for
any manifold M such that M is diffeomorphic to some R", for example an open
ball. Note also that the proof is constructive: following the induction, we can
construct a form 7 such that w = dn, in terms of simple (meaning 1-dimensional)
integrals.

10.5. Interpretation in R3. If we consider our interpretations of differential
forms and exterior derivatives on R?, we obtain the following.

o A vector field F on R? is the gradient Vf of a function if and only if its
curl vanishes: V X F = 0.

o A vector field U on R3 is the curl V x F of a vector field if and only if its
divergence vanishes: V - U = 0.

o Any function on R3 is the divergence of a vector field.

In general, we know that the image of d : Q¥ 1(M) — QF(M) (i.e., the exact
k-forms) is a subspace of the kernel of d : Q¥(M) — Q¥ (M) (i.e., the closed
k-forms). The following definition then makes sense.
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10.6. Definition. Let M be a manifold. For £ > 0, we define the kth de Rham
cohomology group of M to be the real vector space
N ker(d : QF(M) — Q*1(M))
Hag (M) = - COk—1 k '
1m(d QY (M) — Q (M))
Here Q~'(M) = 0, so Hiz(M) is the space of functions f such that df = 0.

These are exactly the locally constant functions, i.e., they are constant on every
connected component of M. Therefore,

H((j)R(M) ~ R{components of M} )
Also, if k > dim M, then H¥ (M) = 0, since already Q*(M) = 0.

In general, these cohomology groups contain information about the topology of M.
Note that when w is a closed k-form and S is an oriented (k+1)-submanifold of M,

then by Stokes,
/w = /dw =0.

08 S

Soif T"and T" are oriented k-dimensional submanifolds of M such that T—T" = 95
for a (k + 1)-dimensional oriented submanifold S (where 7" — 7" means the union
of T and T", where the orientation is reversed on 7"), then

/w—/w:/w:O.
T T oS

The condition implies that 7" and 7" have the same boundary, so fT w only depends
on JT as long as T does not ‘cross a hole’ in M. An example of this ‘crossing
a hole’ is when we compare the upper and lower semicircle of S'; in this case a
closed form does not have to give the same integral.

If w = dn is exact, then for an oriented k-submanifold 7" C M,

/wz/ﬁnz/n,
T T oT

and so the integral only depends on JT without any conditions. So if M has
‘k-dimensional holes’, we can expect to find a non-trivial HA; (M).
10.7. Example. We have

R if k=0,

Hﬁ@ﬂ:{o if k>0

This follows from Theorem 10.4 above.

10.8. Example. We have

R ifk=0,1,

Hﬁ@”:{o ifk>1

This follows from Example 10.3.

We mention the following result without proof.
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10.9. Theorem. If M is compact, then dim H%s (M) < oo for all k > 0.

This holds more generally for manifolds that can be covered by finitely many
charts such that the intersection of the domains of any nonempty subset of this
collection of charts is diffeomorphic to R™ (or to an open ball, which is the same
up to diffeomorphism). Here is a sketch for & = 1. (The case k = 0 follows from
the observation made in the definition above, since a compact manifold only has
finitely many connected components.)

So let M be compact, with charts ¢; : U; — V; that have the stated property, and
let w € QY(M) such that dw = 0. By Thm. 10.4, there are functions f; € C*=(U;)
such that df; = w|y, (since U; is diffeomorphic to R™). So on U; N U;, we have
d(f;—fi;) = df;—df; = 0, so there are constants (since U;NU; is connected) ¢;; € R
with fj|v,nu; — filvinu, = cij. Any change of f; will be by a constant ~;, so ¢;; can
be replaced by ¢;; +; — ;. We obtain a well-defined linear map

{(cij)ics - cij € R}
{(vi = viicj i €R}
If w is in the kernel of this map, then there are 7; € R such that f; — f; = v, — v
on U;NUj;. So f; —~; = fi — v, and we can define a function f on M such that

f=fj—7;onUj, for all j. Then w = df is exact. This gives us an injective linear
map

ker(d : Q'(M) — Q*(M)) —

HéR(M) _ ker(d : Ql(M) — QQ<M)) . {(Cij>i<j Loy € R}

im(d: (M) = QM) {3 — e : % € R

with target a finite-dimensional vector space, so dim Hjz (M) < co.

This approach can be extended to general k, but gets a bit technical. In the end, we
get an isomorphism of the de Rham cohomology group with the Cech cohomology
group of the cover by charts (this is defined in terms of the combinatorial structure
of the collection (U;)), which computes the singular cohomology group (with values
in R) of M; this is a topological invariant.

10.10. Exercise. Show that the wedge product induces bilinear maps on the de
Rham cohomology groups

N H(’fR(M) X HcllR(M) — Hgﬁrl(M) .

10.11. Exercise. Denote by A, = {tie; + -+ +tye, : 0 < t; < 1} C R” the
n-dimensional standard simplex (where ey, ..., e, is the canonical basis of R™).

Set eg = 0. We write egn) to distinguish the vectors in R from the corresponding

vectors in other spaces. Define 27 : R"™! — R" to be the affine map that sends
e e o el e egﬁl, el (Le., we leave out e)). Let M
be a manifold, and let C*(M) be the set of all formal real linear combinations of
smooth maps f : R¥ — M. Define a boundary operator 0 : C*(M) — C*1(M)
by
k
0f =3 (=17 (f o).

1=0

(1) Show that d0f = 0.
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We can therefore define homology groups
ker(0 : C*(M) — C*Y(M
sy K0 0100 = ¢ o).
im (9 : Ck+1(M) — C*(M))

For example, Ho(M) = @ .omponents of » R- The idea behind Hy (M) is that it
should in some way count the ‘k-dimensional holes’ in M.

(2) Show that

w i [w

flay,
induces a bilinear map QF(M) x C*(M) — R. We denote it by (w,a)
(W, ).
(3) Show that (w,da) = (dw,a) for w € QF(M) and o € C*1(M).
(4) Show that the bilinear map above induces a bilinear map
HE (M) x Hy(M) — R.

One can show that the latter bilinear map induces an isomorphism between
Hk: (M) and the dual space Hy(M)* = Hom(Hy(M),R).

11. LEBESGUE INTEGRATION

We now turn to the other important topic of this course, which is the Lebesgue
Integral. Its introduction is motivated by some shortcomings of the Riemann
Integral; what it does is to generalize the Riemann integral to a larger class of
functions. However, the Riemann integral is still very important, since it provides
a way of actually computing an integral (as a limit of Riemann sums). Of course,
it is also important, because the definition of the Lebesgue integral is based on it.

The following is based on the book [[TT].

One of the problems with the Riemann integral is that it does not behave very
well with respect to point-wise limits of functions. Ideally, we would like to have
a statement of the following type.

If f is a point-wise limit of a sequence of integrable functions (f,), then f is
integrable and [ f =1lim, o0 [ fa.

Now there are various reasons why this cannot be true in this generality. The
main reason is that we can ‘lose mass’ in the limit, because it gets shifted out to
infinity or to the boundary of the domain. For example, let D =]—1,0[U]0, 1], and
define f,, to be n times the characteristic function of D N]—1/n,1/n[. Then f, is
Riemann integrable on D, and [, f,(z) dz = 2 for all n. On the other hand, f,(z)
tends to zero for each x € D, so f, — 0 point-wise, but the integral obviously
does not tend to zero. In order to avoid this problem, we have to prevent the
mass from escaping. A reasonable way of doing this is to require all the functions
to be bounded by a fixed integrable function. This gives the statement of the
Dominated Convergence Theorem.:

Let g be an integrable function, and let (f,) be a sequence of integrable functions
such that | f,| < g for all n. If (f,) converges point-wise to a function f, then f
15 integrable, and f f=lim, f fn-

We will prove this later for Lebesgue integrable functions, with a slightly weakened
convergence hypothesis. But let us first see why this does not hold for Riemann
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integrable functions. For this, consider a sequence (a,) that enumerates all the
rational numbers in the interval [0, 1], and define f,, : [0, 1] — R to be the function
that is zero everywhere except that f,(ay) = 1 for k& < n. Then each f, is
integrable, with integral zero. The sequence (f,,) converges point-wise to a function
f, which is the characteristic function of Q N [0,1]. Now the problem is that this
function f is not Riemann integrable — it is ‘too discontinuous’. In fact, every
upper Riemann sum is 1 and every lower Riemann sum is 0. So we will need to
extend our notion of ‘integrable function’ to also include f (which then should
have integral zero). Before we can do this, we need to introduce the notion of
‘measure zero’.

11.1. Definition. An open box in R™ is an open cube
B =lay, a1 +0[ X -+ X ]a,,a, + [ C R"
where (ay,...,a,) € R" and 6 > 0.

A subset X C R" has measure zero if for every € > 0, there exists a sequence (By,)
of open boxes in R” such that

XclJBe and ) voln(Bi) <e.
k k

Note that this differs from the notion of volume zero, which requires a finite set of
cubes covering X of arbitrary small volume. Obviously, every set of volume zero
also has measure zero, but the converse is false.

11.2. Exercise. Show that in the definition of ‘measure zero’ we could use arbi-
trary pavable sets instead of open boxes without changing which sets have measure
Zero.

11.3. Example. The set Q N[0, 1] has measure zero (in R), but is not pavable
and therefore does not have a defined volume (or length, in this case).

To see that the set has measure zero, enumerate QN|0, 1] = {ay, ag, ... }. For given
e>0,let By = ]a, — 27" e, ap + 27" e[, then vol; By = 27,50 > 77 | vol; By, =
e, and clearly | J, By contains Q N[0, 1].

To see that the set is not pavable, note that any finite union of closed intervals
covering Q N [0, 1] must also cover [0, 1] (since otherwise it would miss a whole
open interval which will contain lots of rational numbers). On the other hand, no
interval of positive length is contained in Q N[0, 1], so the lower volume is 0 and
the upper volume is 1.

11.4. Proposition.

(1) If X C R™ has measure zero and' Y C X, then' Y C R™ has measure zero.

(2) If X1, Xs,... C R™ all have measure zero, then their union X = J;—, Xy
also has measure zero.

Proof. The first statement is clear from the definition (just take the same boxes as
for X). For the second statement, we use the same idea as in the example above.
Let ¢ > 0. Then for each k, we can choose boxes By;, 7 = 1,2,... covering X}
and with total volume < 27%¢. Then all these boxes together (which can again be
arranged in a sequence) cover X and have total volume < e. O
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The importance of sets of measure zero comes from the fact that they will be what
can be safely ignored when (Lebesgue) integrating functions. But they are also
important for the Riemann integral.

11.5. Theorem. Let f : R"™ — R be bounded and have bounded support. Then f
is Riemann integrable if and only if f is continuous on R™\ X, where X is a set
of measure zero.

Proof. See [HH], Thm. 4.4.5, pages 440-442. OJ

Now let us turn back to convergence of integrals. One easy case is the following.

11.6. Theorem. If (fx) is a sequence of bounded Riemann integrable functions
on R™, all with support contained in a fixed bounded set and converging uniformly
to a function f, then f is Riemann integrable, and

/ fl)lde| = lim / fula) |z
]Rn Rn

Proof. Exercise. O

This is good enough for many applications, but not really satisfying. We can
go a bit further and prove a version of the Dominated Convergence Theorem for
Riemann integrals.

11.7. Dominated Convergence Theorem for Riemann Integrals. Let f; :
R" — R, k = 1,2,... be a sequence of Riemann integrable functions. Suppose
that supp fr C B for a fized bounded set B C R™ and that |fy| < M for all k, with
some fized M > 0. Let f: R™ — R be Riemann integrable and such that (fi(z))k
converges to f(x) except on a set of measure zero. Then

[ @il =t [ i) idval.
R7™ R™

The big weakness of this theorem is that is requires the limit function f to be
Riemann integrable. This is hard to show in practice, so we would like to have a
notion of integrability where this is automatic. Note also that the requirements on
boundedness and support of the f is equivalent to saying that all | f| are bounded
by a fixed Riemann integrable function g, which we can take to be Myp.

Proof. Let us make some simplifications of the statement. First of all, we can
consider fr — f instead of f; and so take f = 0 without loss of generality. The
next step is to remove the exceptional set of measure zero. So assume the theorem
holds when we require point-wise convergence everywhere, and let (f;), f = 0 etc.
be as in the statement above. Let € > 0 and pick a countable union X. = |J; B;
of open boxes covering the exceptional set and such that > ; vol, B; < e. Then
there is a continuous function i : R" — [0, 1] such that h(z) = 1 for x ¢ X, and
0 < h(z) < 1 for z € X.. Now consider the sequence of functions g, = h* fz. Then
the gi also satisfy the assumptions, but additionally, we have that gy(x) — 0
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for all z € R™. So we can apply the simplified version to the gy and find that
limy, o [ gr = 0. On the other hand,

[ 5@ sl ~ [ata)lana] < [ 1@ - gule) sl

< M/(l - h(a:)k) |d"x| < MZVOln B; < Me,
Rn ]
so we see that

limsup‘/fk(x) ]d":c|’ < Me.
]Rn

k—o00

Since € > 0 was arbitrary, this implies that [ f; — 0 as desired.

Next, we can write f, = fi” — f._, where f," = max{f;, 0} and f,, = max{—f,0}
are the positive and negative parts of fx, as usual. Then f;” — 0 and f, — 0 point-
wise, and we see that it suffices to prove the theorem for non-negative functions.

Finally, we can scale the variable and the functions in such a way that 0 < f, <1
and supp fr C @ for all k, where ) is the unit cube in R™. The theorem therefore
follows from the result below. U

11.8. Proposition. Let (fy) be a sequence of functions with support in Q) and
such that 0 < fr < 1. Suppose that fi(x) — 0 for all x € Q. Then

lim /fk(:r) |d"x| = 0.
k—o0
]Rn

In order to prove this, we will first look at a special case, where the functions form
a decreasing sequence.

11.9. Proposition. Let (fy) be a sequence of functions with support in Q) and
such that 1 > f1 > fo > -+ > 0. Suppose that fi(x) — 0 for all x € Q. Then

lim/fk(x)|d"93|20.
k—o0
R'n

Proof. Since the sequence of functions is decreasing, the sequence given by the
values of the integrals is also decreasing; it is also bounded below by zero, so if
the conclusion is false, then

lim /fk(x) |d"z| =2K > 0.
k—o0
R”

Define Ay, = {z € R": fi(x) > K} C Q. The idea of the proof is that A; D Ay D
. is a nested sequence of sets each of which should have volume > K, so their
intersection is non-empty, which contradicts the assumption that fy(x) — 0 for
all z. The problem with that approach is that the Ay need not be pavable. We
get around that by considering the lower volume vol,, Ay, which I claim is > K:

2K < /fk(x) |d"x| < /max{K, fi(@)} |d"z| = L(max{K, fr}xo) < K+vol,Ay.
Q Q
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Here, L(f) = limy_0o Ly (f) denotes the lower integral of f. For each N, we have
Ly (max{K, fr}xq) = Z 27V inf{max{K, f(z)} : z € Q'}
Q'eDN,Q'CQ
<K +2V"#{Q € Dy @ C Ay}
< K +vol, Ay,
(Note that fp < 1.) For each k, we can therefore find a finite union Aj of closed

dyadic cubes such that A}, C A, and vol, A} > vol A, — 27" 1K. Let A} =
AN NAY then AT D AY O ... is a nested sequence of compact sets. We have

k—1
vol,, A} = vol,, A — vol,, (A;C \ ﬂ A;)

> vol, Aj, = Y vol, (4}, \ 4))

k—1
>K -2 K -Y 277K >K/2>0;
j=1
note that A \ A5 C A; \ A}, hence vol, (A} \ A;) < vol, A; — vol, A} < 2777'K.
This shows in particular that the A} are non-empty, so by a standard property of
compact sets, it follows that their intersection is non-empty as well. But then,

re( A = ze (A = fulz) > K forallk>1,
=1

which contradicts the assumption fy(z) — 0 for all x and therefore finishes the
proof. O

11.10. Corollary. Let h and hy, for k > 1, be Riemann integrable functions
with support in the unit cube Q, such that 0 < h < 1, hy > 0 for all k, and
h(z) < 300 hi(x) for all x € Q (where we allow the series to diverge to oo).

Then
/ ) d" |<Z/hk "] .

Rn k= 1Rn

Proof. Set fx(z) = max{O, hz) — 3% hj(x)}. Then f; is Riemann integrable,

7=1
we have 0 < fi(x) < h(z) < 1lforall z, f1 > fo > ..., and fx(z) — 0 for all .
So by Prop. 11.9, we know that [ fy — 0. This implies

[ r@ldrs) =t [ (hia) = fita)) a7l

Rn Rn
k
= ]}ggo min{ ,Z hj(x } |d" x|
7=1
< mn n
—;}g?oz/ ) |d"z| = Z/ z)|d"z|.

k=1gn
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Now we come back to the proof of Prop. 11.8.

Proof. 1deally, we would like to consider g, = sup{f; : j > k}; this would be a
decreasing sequence of functions converging to zero point-wise, and so we could
apply the Monotone Convergence Theorem Prop. 11.9 to it, allowing us to conclude
easily. However, the problem is (as usual) that these gy may not be Riemann
integrable. For example, enumerate Q N [0,1] = {a1,as,...}, and let fi = X{a,}-
These f; satisfy the assumptions of the proposition, but g, is the characteristic
function of QN [0, 1]\ {a1, . .., ar_1}, which is not Riemann integrable. So we have
to use some tricks to make the proof work.

Assume the conclusion is false. Since all the integrals are nonnegative, this implies
that there is a subsequence of (fy), which we can assume to be the sequence (fx)
itself, such that

lim /fk(:r:) "z = C > 0.
k—o0
R'n

Now, as a substitute for the g, considered above, we will take certain linear com-
binations of the f,. For p > 1, Let

K, = {Zakfk sag > O,Zak =1,a, =0 for k large}.
k=p k=p

If (g,) is a sequence of functions with g, € K, then we still have that g,(x) — 0

for all z and [g, — C. (For the former, let € > 0. Then there is K such that for

k> K, we have 0 < f;, <e. Soif p> K, we have 0 < g, < ¢, too. For the latter,

given € > 0 again, there is K such that ‘ffk — C” < ¢ for k > K, hence

Jomel=|[Z el =[Sl [5-c)
SZak(/fk—c] <Sae=c)

k>p k>p
Now the idea is to take g, that are small, so that we have a chance to get a
contradiction to [g, — C. Therefore, we consider

d, = inf{/gp(x)2 |d"z| : g, € Kp} :
Rn
Since K,.; C K,, this is an increasing sequence of nonnegative numbers; it is
bounded by 1 (since g, < 1), so has a limit d. Then for every p > 1, we can pick
a g, € K, such that

1
/gp(x)2 el <d+ L.
p
Rn
Now I claim that these g, are close to one another when p is large: Given ¢ > 0,
there is N such that whenever p,q > N, we have

[0 = )] < <.
Rn
To see this, let N be so large that d — dy < ¢/8 and 1/N < ¢/8. By simple
algebra, we have that
1 1

<§(gp(x) - gq<ac)))2 + (%(gp(x) + gq(x))>2 _ §gp(x)z n %gq(x)2_
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This gives
1 2 m
1 [ (0(2) = g4(2))" |d"2|
Rn
1 mn 1 mn 1 2 n
=5 [a@riaal+ 5 [a@? el - [ (3o + ) 0
R™ R™ Rn
N 1
3o+ D) 3o Do
1
<d-d —<—
NN =]

Note that p,q > N, so 3(g, + g4) € Kn.

This now allows us to pick a subsequence (h,) of (g,) such that

i(/(hq(@ — g1 (@) Id"x|>1/2 <0,

g=1 Rn

To do this, pick a sequence (g,) of positive numbers such that \/g_q < 00. Then
there is an increasing sequence N; < Ny < ... such that for p,p" > N,, we have

f(gp —gy)* < \/5. We can then set hq = gy, .

Now observe that h, =372 (hj — hj41) (since the partial sums are hy — hy,, and
hpm — 0). This implies

<Z’h hjs(z)] for all x € R".

We can then apply Cor. 11 10 and find

/ 2)|d"z| < Z/|h By (0)| |d"a]

R™ J=4Rn

<3 [ (o)~ @) )

JQRn

(We use the Cauchy-Schwarz inequality for integrals here.) But the latter tends
to zero as ¢ — 00, since it is the tail end of a converging series. This contradicts
the fact that

lim [ hy(z)|d"z|=C >0,

q—00
R'I’L
which was a consequence of our assumption that the conclusion of Prop. 11.8 does
not hold. So the Proposition is finally proved. O

Our next goal will be to define the Lebesgue integral. For this, we need the
following result.

11.11. Proposition. Let fi, : R® - R, k=1,2,..., be Riemann-integrable func-
tions such that

> [l < oo
k=15
Then there is a set X C R™ of measure zero such that the series > ;- fi(z)
converges for all x € R™\ X.
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Proof. We will take

X = {x e R": Z | fr(z)] diverges} :
k=1
Then ), fi(z) converges absolutely on R™ \ X. The hard part is to show that X

has measure zero. Let
A:EQ/mummﬂ.

k=1gn

If A=0, then [|fx] =0 for all k. Now observe that if f; is continuous at = €
R™ and fi(z) # 0, then |fx| is bounded below by a positive constant on some
neighborhood of z, hence [ |fi| > 0. So fi(z) = 0 for all  where fj, is continuous.
Since f is Riemann-integrable, f; = 0 except on a set of measure zero. Since
a countable union of sets of measure zero is again a set of measure zero, f = 0
for all k except on a set of measure zero; in particular, ), f converges (to zero)
except on a set of measure zero, and the claim is proved in this case.

So assume now that A > 0. We first ‘normalize convergence’ of the sum of
integrals: we choose an increasing sequence (k,,) of integers such that setting

km
B =S Il we have /hm(x) el > A1~ 2271%) |
k=1 R
Let ¢ > 0. We will construct a countable union Y of dyadic cubes with total
volume < 3¢ and such that on R"\ Y, we have h,, < 2A/e for all m. The latter
implies that X C Y, and since € can be chosen arbitrarily small, this will show
that X has measure zero.

The set Y will be a disjoint union of sets Y,,, m = 0,1, ..., each a finite union of
dyadic cubes, and such that
i 1 A 1 I
Zvoln(Yj) §5<3——> and by, (x) g—(2——) for all z € R \UY}
par; 2m € 2m Part

We will construct the Y;, recursively. We begin with Y;. Since [ho < A, there is
Ny such that
Uno(ho) < L (ho) + A <24

(where Uy (h) and Lx(h) denote the upper and lower Riemann sums of the func-
tion h with respect to dyadic cubes of size 27V). We take Y; to be the union of
those cubes C' € Dy, (R") such that sup,.- ho(z) > A/e. Then

A A
—vol,(Yy) = — E vol,(C) < E sup ho(z) vol,,(C) = U, (hy) < 24,
£ g zeC
CGDNO,CCYO CEDNO
and hence vol, (Yy) < 2e.

Now assume, Yy, ...,Y,, have been constructed, together with an increasing se-
quence No < Ny < --- < N,,,. Set gma1 = hpps1 — b, then

[omn@dal = (A= [ba@ i) = (4= [ la) < 5o

R Rn R~
In the same way as above in the construction of Yy, we find N,,,1 > N,, such that

Uisr (gmt1) < G5 -
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We let Y,,+1 be the union of the cubes C' € Dy, ,,(R™) that are not contained in
YoU---UY,, such that

sup hpp1(x) > ?(2 - 2ml+1> :

zcC
On each such C, we must then have sup,cc gmi1(z) > A/(2™%e), which implies

A A €

2m—+1€V01n(Ym+1) < Un,, i (Gmy1) < Jom3 hence vol, (Y1) < ST

The Y,, thus constructed then have the required properties. Il

The upshot of this result is that whenever we have a sequence (f;) of Riemann-
integrable functions such that >, [|fx| converges, then >, fx will be defined
“almost everywhere”, i.e., everywhere except on a set of measure zero. Based on
the intuition that sets of measure zero “don’t matter” with respect to integration,
we can then make the following definition.

11.12. Definition. Let fz,g9x : R — R, £ = 1,2,... be Riemann-integrable
functions such that

Z/]fk(w)|]d"x| < oo and Z/\gk(x)udnxy < 0.
k=1pn k=1pgn

We write . .
ka f ng
k=1 k=1

if there is a set X C R™ of measure zero such that for all x € R\ X, both series
> w fu(z) and >, gi(x) converge and have the same value. More generally, if f
and ¢ are functions defined on R™ except a set of measure zero, then we write
f =9 if f(x) = g(z) for all x € R™\ X, where X is a set of measure zero such

that f and g are both defined on R\ X.
The ‘L’ in ‘?’ stands for ‘Lebesgue’.

We need another theorem to make sure that the definition we are aiming at will
make sense.

11.13. Theorem. Let fr,gr : R* = R, k =1,2,... be Riemann-integrable func-
tions such that

> [1n@llda <0 and Y [ lguo)lds] < oc

k=150 k=150
and assume that Y | fi = Y re1 k- Then

> [ @l = [l

k=1gn k=15n

Proof. Let hy, = > 1 (fi — gx), then (hy,,) is a sequence of Riemann-integrable
functions that converges to zero except on a set of measure zero. If the h,, are
all bounded by some constant M and all have support in a fixed bounded set B,
then the claim follows from the Dominated Convergence Theorem for Riemann
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Integrals 11.7. In the general case, we use a suitable ‘truncation’: for any function
h on R™ and R > 0, define

h(z) 1if ||lz]| < R and |h(z)| < R
ey — {1 el < R and ()
0 otherwise.

Pick € > 0, then there is m such that both ‘tail ends’ of the sums of integrals are
small:

> [ia@lae <2 ad 3 [ gl < .
k=m-+1gy k=m+1gn

Also, h,, is Riemann-integrable, hence bounded and with bounded support, so
there is some R > 0 such that h,, = [h;|g. I claim that for & > m, we have

k

| — [hi)ar| <3 Z (If; —gil) <3 Z (1f51 + 1gs1) -

j=m+1 J=m+1

Indeed, if a and b are functions such that [a]g = a, then for ||z| < 2R,

0 if |b(x)] < 2R, |a(z) + b(z)| < 2R,

" ) 2 — |b(z)| if |b(z)| > 2R, |a(x) + b(z)| < 2R,
[o+¥lzn(@)—a(z) (@) la(x) + b(x)| if [b(x)| < 2R, |a(z) + b(z)| > 2R,
la(x)] if |b(z)| > 2R, |a(x) + b(z)| > 2R.

In each case, this is < 2|b(x)| (note that in the third line, we must have
b(2)| = la(z) + b(z)] — [a(z)] > 2R — R = R > |a(x)]).
So with a = h,, and b = h;, — h,,,, we find that
\k)or = han — [hie = hnl2r| < 2| [Pk — Punl2r| < 2[hi —

The claim then follows, since

2
| — [h)or| < [ =P — [Pt — hun)2r| 42| Ak — T | < 3[Ry, — By | <3 Z | fi—a5l-

j=m+1
For k > m, we then have
- 6
[ (ule) = ulent)) el <3 3 [ (5001 + @) faa] < Ze.
R J=m+lgn

Now we apply Thm. 11.7 to the sequence ([hg]og). This tells us that there is an
index K > m such that for £k > K, we have

| [idsnte) ] < 2.
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So for p > K, we obtain

Alaad =Y [ o)

k=1pgn k=1gn
= | [ hy(x) |d”:v]‘
| fiste| - i
<z - + 75 =e.
Since € > 0 is arbitrary, this proves the claim. Il

We can now (at last!) make the following definition.

11.14. Definition. Let f : R"\ X — R be a function, where X is a set of measure
zero. We say that f is (Lebesgue-)integrable if there is a sequence of Riemann-
integrable functions f; : R™ — R such that

Z/m )] < o0

k=15
and such that

f= > fe
k=1

In this case, the (Lebesgue) integral of f is
/ s =3 [ e
k=15

By the preceding theorem, the Lebesgue integral is well-defined.

11.15. Example. If f : R®* — R is Riemann-integrable, then f is Lebesgue-
integrable, and the Lebesgue integral of f equals the Riemann integral of f. (And
thus we are justified to use the same notation for both integrals!)

Indeed, we can just take f; = f and f = 0 for £ > 2 in the definition above.

11.16. Corollary. If f, g are functions defined almost everywhere on R", f =9

and f is Lebesque integrable, then so is g, and

[ t@al = [ g\l

Proof. Take any sequence (fy) as in Def. 11.14 such that f = > & fu- Then we
also have g = >« i, and the result follows. O

It thus makes sense to talk about Lebesgue integrability and Lebesgue integrals
of functions that are only defined on R™\ X, where X has measure zero.
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11.17. Example. The standard example that shows that Lebesgue integration
theory is richer than Riemann integration theory is the function f = xj0.1ng. As
we have seen, f is not Riemann integrable (all upper Riemann sums Ux(f) are 1,
all lower Riemann sums Ly (f) are zero), but f is certainly Lebesgue integrable,
since f = 0 (and so f has integral zero).

11.18. Examples. Another situation where the Lebesgue integral is of advantage
is when dealing with unbounded functions or functions with unbounded support.
For example, f(z) = 1/(2? + 1) is not Riemann integrable, but it is Lebesgue
integrable: we can write f =, ., fXp k1, and every fi = fX[kk41] is Riemann
integrable, with

k+1

/|fk(x)| |dx| = /fk(:v) |dx| = / de  _ arctan(k + 1) — arctan(k) ,
R R k
SO

2+ 1

Z/ | fre(2)] |dz| = Z (arctan(k + 1) — arctan(k)) =,

keZ R k=—00
and since everything is nonnegative, this is also the (Lebesgue) integral of f.
As an example of an unbounded function, consider f(z) = 1/y/x for 0 < x <
1, f(z) = 0 else. Again, we can write f as a series f = > 7, fx with f; =
FXq1/(k+1),1/%), and we find that f is Lebesgue integrable with integral 2.
In both cases, the result agrees with the improper Riemann integral
b 1
I dx , dx
aﬁféon,})%oo 2 +1 or EI\I‘I(I) \/E '

a g

However, it is not always the case that a function, for which an improper integral
like the above exists, is Lebesgue integrable. As an example, consider f(z) =
(sinz)/z for > 0, f(z) = 0 otherwise. The improper integral

a
) sin x
lim dx
a—r o0 €T
0

exists, but f is not Lebesgue integrable. Indeed, if it were, then |f| would also be
Lebesgue integrable (see below), which would imply that

a
lim / |sinz] dr < o0,
0

a—o00 x
which is not the case.

We can now generalize the notion of pavable sets. First, we define measurable
functions; these are functions that are ‘locally integrable’.

11.19. Definition.

(1) A function f : R™ — R is measurable if for every R > 0, [f]r is Lebesgue
integrable, where [f]g is the ‘R-truncation of f’ that was used in the proof
of Thm. 11.13.
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(2) A subset A C R™ is measurable if its characteristic function y 4 is a mea-
surable function. A has finite measure if x4 is Lebesgue integrable; then
the measure of A is

meas(A) = /XA(JC) |d" x| .
R’ﬂ
Otherwise, A has infinite measure, and we write meas(A) = oo.

(3) If A C R™ is measurable and f : A — R is a function, then we say that

fis (Lebesgue) integrable on A if f is Lebesgue integrable (on R™), where
f(z) = f(z) for x € A and f(x) = 0 else. We then write

[ @)= [ Fw)laal.

Note that a Lebesgue integrable function is measurable, and a measurable function
f is Lebesgue integrable if and only if

sup / fa(@)] [d"z] < oo
J

This will follow from the Monotone Convergence Theorem 11.24 below (applied
to |[f]k|) and the discussion following it.

Also, a set of measure zero is measurable and has finite measure zero.

We will now prove some simple properties of the Lebesgue integral: it is linear
and monotonic.

11.20. Proposition. If f,g : R" — R are Lebesque integrable, a,b € R, then
af + bg is Lebesque integrable, and

[(at@) by a'al =a [ 1)@l +b [ gta)lava].

Rn R™

Proof. Let f = Yofeand g = > 1 gk as in Def. 11.14. Then

3 / (i) + bgu(a)| [d"2] < || S / [ )] 1] + 1o S / ()| [d"2] < o0

k=1gn k=1gn k=1gn

and af + bg = Y wlafe +bgr). So af + bg is Lebesgue integrable, and

(af(@) +bg(a)) sl = 3 [ (efilo) + bgu(a) I

k=1 fon

o) [ p@laa +0Y [

k=1gn k=1gn

—a [ f@) sl b [ gta) sl

R
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In the following, we write f < g, if f(x) < g(z) for all x except on a set of measure
L

zero, and similarly for f > g.
L

11.21. Proposition. If f,g : R" — R are Lebesque integrable and f < g, then
L

[ @ < [ gta)jaral.

Rn

Proof. Write g = f + h where h = g — f > 0. It suffices to show that [h > 0.
L
Write h = > xhi, and let Hy = (Zk hj)+ (where, as usual, F, = max{0, F'}).

j=1
Set Bk = Hk - Hk—l (Wlth HO = 0) Then |]~1k| S |hk|, h ? zk Bk, and Z?:l iLj =
H; > 0. We find

/h(:v) d"z| = i/ﬁk(x) |d" x| —]}LI&/H]C(.%) |d"z| > 0.

Rn k=1 Rn

0

11.22. Proposition. If f,g : R" — R are Lebesgue integrable, then max{f,g}
and min{ f, g} are Lebesque integrable as well. In particular, |f| is Lebesgue inte-
grable.

Proof. The definition of Lebesgue integrability can be formulated as follows: f is
Lebesgue integrable if there is a sequence (fy) of Riemann integrable functions
with fr, — f almost everywhere (i.e., except on a set of measure zero) and such

that Y oo, [ |fir1 — fu| < oo. Now consider max{fy, gy} (or min{fy, gx}) and
observe that (for example)

lmax{ fis1, ger1} — max{fi, g }| < |frs1 — ful + [grs1 — gl -
The last statement follows from |f| = max{f, —f}. O

The next theorem is the key for the important results that follow. It generalizes
the formula that we used to define the Lebesgue integral in Def. 11.14 to series of
Lebesgue integrable functions.

11.23. Theorem. Let f, : R — R, k = 1,2,..., be Lebesque integrable and
assume that

> [ 1@l < .

k=1gn

Then the series Y fr converges almost everywhere. Let f = > fx, then f is
k=1 k=1
Lebesgue integrable, and

[1@aa=3" [ p@aal

k=1n
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Proof. We write fk = Z frj with fi ; Riemann integrable and > ['[fi ;| < oc.
7j=1
We would like to write f = - Zk:,j fr,j, but Zk,j [ |fx,;] may not converge. So we

need to modify our representations of the f; in such a way that the double sum
converges. We do this by putting most of each series into the first term.

For every k, there is an index m(k) such that

S il il <2t

j>m(k) R»

We now set

Jr) = Z Jri andforj>1, gej = fem)ri-1-

Then fk Z gr,; and

J

> [las@les =3 [l + Y [las@iie

3k=1n k=1 gin k=1 j=2 n
=3 [t - > sl IZE > [t
k= L gn i>m(k k=1 j>m(k ]R
< <|fk(x)| \d" | + Q—k) +3 2F < o0,
k=1 k=1

So the series

ka— ng]

k,j=1
converges almost everywhere (by Prop. 11.11), and if f = > fx, then f is Lebesgue
k=1

integrable, and

/f e =30 [ ot il = /fk )],

k=1 j=1gn k=1gn

An immediate corollary is the following.

11.24. Monotone Convergence Theorem. Let f;, : R* - R, k=1,2,..., be
Lebesgue integrable such that 0 < f1 < fo < .... If
L T L

sup / fe(z) |d"z] < oo,
k
R’ﬂ

then limy_, . fr exists almost everywhere. If f = klirn fr = sup; fr, then f is
—00

Lebesgue integrable, and

[ @i = tim [ i) el =sup [ fio) il
R Rn Rn
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Proof. Apply Thm. 11.23 to the series f1 + (fo — f1) + (fs — f2) +.... All of its
terms are nonnegative (almost everywhere), therefore the assumption here implies
the assumption in that theorem. The limits equal the suprema since the sequences
are increasing (almost everywhere in case of the functions). O

If the assumption sup,, [ fi < oo is not satisfied, then either sup, f does not
exist almost everywhere (i.e., the subset on which sup,, fx(z) = oo does not have
measure zero), or else the resulting function f is not Lebesgue integrable (since
0o > [ f > sup,, [ fi otherwise, which is not possible).

11.25. Proposition. Let f, : R" = R, k = 1,2,..., be Lebesque integrable and
assume that there is a Lebesgue integrable function F': R™ — R such that | fy| < F
L

for all k. Then sup,, fr and infy fi exist almost everywhere and are Lebesgue
integrable, and we have

—/F(:c)\d”x| g/i%ffk(x)|d"x| gi%f/fk(:cﬂd”x]
J

R™ R™

< sup / fula) || < / sup fi(o) '] < / F) |d"a] .
Rn

Rn R™

Proof. Once we prove that sup, fr and infj f; are Lebesgue integrable, the in-
equalities will follow from Prop. 11.21. It suffices to consider sup,, fr (apply the
statement to (—fx) to get the inf). Also, if we replace fi by fo = fo + F, we
have 0 % fk % 2F' | so we can assume without loss of generality that f % 0. Now

consider the sequence
g1 =Ffi, g2=max{gy, fo}, g3=max{gy, f3},
We have 0 < g1 < g0 < g3 < ... < F| the g are Lebesgue integrable, sup,, fr =
L L

supy, gy, and

sup/gk(x) |d"z| < /F(x) |d"z| < o0
k

R™ R7
By the Monotone Convergence Theorem 11.24, sup,, fx is then defined almost
everywhere and Lebesgue integrable. U

11.26. Dominated Convergence Theorem. Let f;, : R* - R, k = 1,2,...,

be Lebesque integrable and assume that there is a Lebesque integrable function

F :R™ = R such that |fy| < F for all k. If the sequence (fy) converges almost
L

everywhere to a function f, then f is Lebesque integrable with integral

[ @i =t [ i) sl
R" Rn

Proof. Let g, = inf{f; : j > k} and hy = sup{f; : j > k}. By the preceding
proposition, g, and hj are Lebesgue integrable, and we have that

supgr = f=infh, and g < fi < hy.
. L)Lk LT
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This already shows that f is Lebesgue integrable, again by the preceding proposi-
tion. It also implies that (using Thm. 11.24; note that (gx) is increasing and (hy)
is decreasing)

/f(m)]d":c| :/mfhk( ) d*| = lim /hk )"z >hmsup/fk )1z
Rn Rn

and similarly

/f(x) |d"x| = /supgk(x) |d"z| = lim /gk(x) |d"x| < liminf/fk(w) |d" x|
k k—oo k—o0
Rn Rn Rn R™

These two statements together show that klim [ fr exists and is equal to [ f. O
—00

The Dominated Convergence Theorem is very strong, since it only requires a
minimal amount of assumptions (compare with the version for Riemann integrals!).
As an example of its many applications, we can prove the following result on
integrals depending on a parameter.

11.27. Theorem. Let I C R be an open interval, a € I, and let f : I x R* - R

be a function such that for everyt € I, f;: x — f(t,x) is Lebesque integrable with

|fe| < F for some fixed Lebesque integrable function F : R™ — R. Assume that
L

I >t f(t,x) is continuous at a for all x € R™ except on a set of measure zero.

Then
fim [ f(t,2)|0%] = [ fla.0) ld"a],
Rn Rn
e., the function I — R, t — [ f;, is continuous at a.

Proof. Take any sequence (t;) such that ¢, — a. Then we can apply Thm. 11.26
to the sequence of functions (f;, )x>1. Since fa = hm ftk, we obtain that

hm /ftk, )|d x| = /f a,z)|d"z|.

Since this holds for all sequences as above, this proves the claim. O

We can extend this to differentiability instead of continuity. ‘Almost all” means
‘all except on a set of measure zero’.

11.28. Theorem. Let I C R be an open interval, let f : I x R — R be a
function such that for almost all x € R, %—{(t,x) exists. Assume that for all
fel, z— f(t,x) is Lebesgue integrable and that there is a Lebesgue integrable

function F : R" — R such that
f(s @) —
s — t
whenever s,t € I, s #t. Then

) < F(z) for almost all x € R"

g: 1 — R, tr—>/f(t,:r)|d"$\
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1s differentiable on I, and

0
g0 = [ 0l

]Rn

Proof. Fix t € I and apply the previous theorem to

fsx)—fltx) -
~ if s £t
s,x) = st
f(s,2) {—af (t,x) if s =t.

g

11.29. Are There Non-Measurable Sets? The Monotone Convergence Theo-
rem 11.24 implies that a countable union of measurable sets is again measurable
(Exercise). Pavable sets like open balls are measurable. Since every open set is a
countable union of open balls, all open sets are measurable. The complement of
a measurable set is measurable, and sets of measure zero are measurable. So any
set that can be constructed from sets of measure zero and open (or closed) sets
by taking complements or countable unions (or intersections) will be measurable.
It is hard to image a set that cannot be obtained in this way. So it is a natural
question to ask if there are any subsets of R (say) that are not measurable.

It turns out that this is tied up with fundamental questions in Set Theory. It is not
possible to construct a non-measurable set in an explicit way. However, if we allow
ourselves to use the Axiom of Choice, then non-measurable sets can be constructed.
Here is a standard example. For each coset a + Q C R, pick a representative
in [0, 1], and let X be the set whose elements are these representatives. Let M be
the set of rational numbers in [—1, 1], then we have

0.1 cy=][(X+rc[-1,2

reM

(the set Y is the disjoint union of the sets X 4 ). If X were measurable, then we
would have 0 < meas(X) < 1 and meas(X +r) = meas(X). Since M is countable,
the set Y above would be measurable, with measure < 3 and > 1. So X cannot
have measure zero (otherwise meas(Y’) = 0), but likewise, X cannot have positive
measure (otherwise meas(Y') = o0), and we get a contradiction.

On the other hand, adding the axiom that all sets are measurable does not lead
to a contradiction in Set Theory without the Axiom of Choice. So we have a
choice here as to which assumptions we would like to make. It should be said that
the Axiom of Choice is very important in some areas of mathematics (Functional
Analysis, for example — one of its basic results, the Hahn-Banach Theorem, is
in fact equivalent to the Axiom of Choice), so the general attitude today is to
accept it, and with it accept its somewhat counter-intuitive consequences like the
Banach-Tarski Paradoz. It says that you can partition the unit ball in R? into
a finite number (e.g., seven) pieces, that after moving them around by euclidean
motions will form two disjoint unit balls. Of course, this implies that at least some
of the sets cannot be measurable.

There are two more ‘big theorems’ on the Lebesgue integral: Fubini’s Theorem
and the change-of-variables formula. Both follow from their counterparts that
hold for Riemann integrals.
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11.30. Fubini’s Theorem. Let f : R"™ = R" x R™ — R be Lebesqgue integrable.
Then f, : x — f(z,y) is Lebesque integrable for almost all y, the function

R™ — R, yH/f(x,y)!d"xl
R”L

(which is defined almost everywhere) is Lebesgue integrable, and we have

| teiemal = [ ([ @) e,

Rn+m Rm Rn

Conversely, if f: R"™™ — R is measurable such that f, : v — f(x,y) is Lebesgue
integrable for almost all y, and y — [o. | f(x,y)||d"x| is Lebesgue integrable, then
f 1s Lebesque integrable, and the relation above holds.

Proof. Note that the second statement follows from the first: if f is measurable,
then [f]r and therefore also |[f]r| are Lebesgue integrable for every R > 0. From
the first statement, we find

[ etz @) = [ ([ 15aw )] 2l 10

Rn+m R™ Rn
< [([ 1@ ial) @) < oo
R™  R7™

By the Monotone Convergence Theorem 11.24, applied to the sequence (| [f] k|), it
follows that |f|, and hence f, are Lebesgue integrable. The relation between the
integrals then also follows from the first part of the theorem.

o0
So it suffices to prove the first part. Write f = > fr with Riemann integrable
k=1

functions fj, such that >, [|fx] < co. We know that for each fj, the function
x +— fr(z,y) is Riemann integrable for all y outside a set X}, of volume zero, that
y = Jon fe(z,y) |d"z| for y ¢ X, y — 0 for y € X}, is Riemann integrable, and

that
| siwaae @yl = ([ feaal)lamy).

Rn+m R™m Rn”
This gives

| teoiemanl =3 [( [ alaa) .
Rn+m k=lgm Rn
We have the following estimate (using Fubini for | fx|).

S [|[ steaaiai <3 [ ([ 15 ola) ay

- / (e y)| |, y)] < 0o

klen«Pm
Thm. 11.23 then allows us to conclude that

S [([ i)y = [ [ s )l
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with the inner sum converging almost everywhere. Using g = ), |fx| (which is
also Lebesgue integrable) instead of f, we see that

Z/mxy s

k=1pn

converges for almost all y € R™. This shows that f, is Lebesgue integrable for
these almost all y. Another application of Thm. 11.23 then leads to

/ (> [ ey iaal)lanal = [ / ka (a.) |d"2) |d™y

k=lgn Rm Re R
~ ([ e aal) s,
R™ R®
thus finishing the proof. U

Our next result is the Change-of-Variables Formula.

11.31. Theorem. Let U,V C R™ be open, ® : U — V a C'-diffeomorphism, and
let f:V — R be a function. Then f is Lebesque integrable on V' if and only if
(f o ®@)|det D®| is Lebesgue integrable on U, in which case we have

/f ) |d™| = /f )) | det D®,| |d™u] .

Proof. We will reduce this to the corresponding statement for Riemann integrals,
which was proved for sets with compact closure and nice boundary. So we write
V' as a countable disjoint union of dyadic cubes C' € Q, then f = ZCGQ fxc.

Assume that f is Lebesgue integrable, hence we can write, as usual, f = Yot

with Riemann integrable f; such that >, [|fx| < co. Then f = Zk,c fexc, and

ZZ/W z)xo(@)| |d"z] = Z/m | |d"z] < oo

k= 1CEQR7L k= 1Rn

We know that each (frxc o ®)|det D®| is Riemann integrable, and the change-of-
variables formula holds for fixc. Note that

S5 [0k m@aet De e =33 [ 1teet) @ < .
k=1 CeQpy k=1 CeQ g

so (fo®)|det D®| = Zk o(fkxco®)|det D®| is Lebesgue integrable, and we find
that

/f )l = ZZ/fk )l

k= 10690
:ZZ / ®(u)) | det DP,| |d"u|
k=1CeQ 4 31 i1te)

:/f ) | det D&, ||d"u]
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This proves the ‘only if’ part of the statement. The ‘if’ part follows by looking at
®~1:V — U and using the chain rule. O

11.32. Example. The classical sample application of Fubini’s Theorem and the
Change-of-Variables Formula is the evaluation of the Gaussian integral

A= /e_xgdx.

The function z — e~ has no ‘elementary’ antiderivative, so we cannot simply
use the improper Riemann integral to find the value.

The trick is to compute A? instead, which can be done explicitly using Fubini and
polar coordinates:

A% = (/ e |d:1c|> </ eV’ ]dyl) = /enyQ |d*(z,y)]

R R R?
2m oo
= / e r|d2(r,0)] = /(/ re”"” dr) do
10,00[x]0,27[ 0 0
1—e"
:27rli_m<—6 )=7T-
r—00 2

So A = /7. (Strictly speaking, we have computed the integral over R? minus the
nonnegative x-axis, but since we remove a set of measure zero, this has no effect
on the value.)

More on Measurable Functions. We will now prove a characterization of mea-
surable functions in terms of measurable sets. First note the following.

11.33. Lemma. If (fi) is a sequence of measurable functions that converges al-
most everywhere to a bounded function f, then f is measurable.

Proof. Let R > 0 such that |f| < 2R, then [fx]g — [f]r almost everywhere. By
the Dominated Convergence Theorem 11.26 (note that |[fi|r| < RXBr(0)), [flr is
integrable. O

As we will see later, the hypothesis that f is bounded is unnecessary.

11.34. Proposition. Let f be a measurable function, a € R. Then the set M, =
f*(a,oc|) is measurable.
Proof. We can write

XM, = kh_}rrolo min{1, k max{f —a,0}}.

By the preceding lemma, Xy, is measurable. Il

11.35. Definition. The o-algebra of Borel sets on R" is the smallest set of subsets
of R™ that contains all open sets and is closed under taking complements and
countable unions.

Note that every Borel set is measurable, but not every measurable set is Borel (not
even in R — Exercise!). This can be used to construct a continuous function f
and a measurable function g such that g o f is not measurable.
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11.36. Corollary. Let f be measurable and B C R a Borel set. Then f~'(B) is
measurable.

Proof. Any Borel of R set can be obtained from open sets (in fact, from intervals
]a, oo[ by complements and countable unions. The claim follows from the preceding
proposition and the fact that complements and countable unions of measurable
sets are measurable. O

There is a converse to Prop. 11.34. We can combine both statements into the
following.

11.37. Proposition. A function f : R" — R is measurable if and only if for every
a € R, the set f~(Ja, 00]) is measurable.

Proof. We only need to show the ‘if” part. It suffices to consider f > 0. (The
condition on the right hand side implies the same condition for |f|.) So assume
that f > 0 and f~!(Ja, 0o[) is measurable for all @ € R. Then f~!([a,b]) is also
measurable for all @ < b. Let R > 0. Then

(Bn |
e = Hm > Xk )
k=0

is a bounded limit of integrable functions, hence integrable. g

11.38. Corollary. If f is almost everywhere the point-wise limit of a sequence
(fx) of measurable functions, then f is measurable.

Proof. Let a € R. Outside a set of measure zero, we have

fl)>a < Fb>aIKVEk>K: fi(z) >b

< z € [j [j ﬁ f,;%}a—k%,oo[),

n=1K=1k=K

and so f~!(]a, 0o[) is measurable. By the preceding proposition, this implies that
f is measurable. U

12. LP SPACES

The theory of the Lebesgue integral is indispensable for the introduction of L?
spaces, which are very important function spaces used in Real and Functional
Analysis. We first recall the following definition.

12.1. Definition. A norm on a real vector space V' is a function || - || : V' — Rq
with the following properties.

(1) For all z € V, ||z|]| = 0 if and only if z = 0.
(2) Forallz,y € V, [l +y[ < [zl + llyll
(3) Forall A\ e R, z € V, || Az|| = |\ [|z|]-

This implies that d(z,y) = ||x — y|| is a metric on V, hence V can be considered
as a metric space. A pair (V.|| - ||), where || - || is a norm on V', is called a normed
space.
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12.2. Definition. A Banach space is a normed space that is complete as a metric
space. (This means that every Cauchy sequence has a limit.)

We will now define the L? spaces with their norms. Our goal will then be to show
that they are Banach spaces.

12.3. Definition. Let X C R"™ be a measurable set, not of measure zero. Let
Z(X) be the set of all functions f on X such that f = 0. If 1 <p < oo, we set

Lp(X):{f:X%Rmeasurable ’/|f|p<oo}/Z(X),
X

and for f € LP(X), we set
/p
11, = ([ 15 jaal) ™"
X

(Note that the integral does not depend on the representative function.) It is easy
to see that LP(X) is a vector space.

In addition, we define
L¥(X) ={f: X — R measurable ||f| < M for some M >0} / Z(X),
L

and for f € L>(X), we set
Il = (M € R: 7] < M).

Note that for all 1 < p < oo, we then have that
Il =0 <= F=0 and [Afll, = AL Fl,.
“f = 07 refers to the quotient space; it means “f = 0” for any representative
function.
In order to see that we have really defined a norm, we need to prove the triangle

inequality.

12.4. Minkowski’s Inequality. Let 1 < p < oo, f,g € LP(X). Then we have
1f +gllp < [[1f1lp + Nlgllp-

Proof. This is clear when p = 0o, or when f or g are zero. So we can assume that
1 <p < oo and that || f|], = a >0 and ||g||, = 8 > 0. Then we can write

[fl=afo, |9l =89
with fo, g0 > 0 and || foll, = |lgoll, = 1. Set A = o/(av + 5). We obtain
[f+ 9P < (I +1gl)" = (afo + Bgo)? = (a+ B)P (Mo + (1 = N)go)"
< (a+B)P(ME+ (1= Ng)-

In the last inequality, we have used the fact that the function ¢ +— t? is convex
(here we need that p > 1). If we now integrate, we find

I+ gl < (a+ B8P (Ml follp + (1 = Nllgolly) = (11 + lglly)”
since || foll, = llgoll, = 1. [

We conclude that (L(X), || - ||,) is a normed space for all 1 < p < co.

There is another important inequality that relates norms for different p.
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1 1
12.5. Holder’s Inequality. Let 1 < p,q < oo such that — + — = 1.
P q
Let f € LP(X), g € LYX). Then fg € L'(X), and

1l = / F@)g(@)] [dz] < 11, lglla-
X

Note that for p = 1, ¢ = oo, this specializes to the standard estimate for an
integral, and for p = g = 2, it specializes to the Cauchy-Schwarz inequality.

Proof. The case p =1, ¢ = oo is easy, so we can assume that 1 < p,q < co. Also,
we can assume that f,g > 0. Set h = g7 ' = ¢%/?; then g = h?/9 = h»~'. For
t > 0, we have

ptfg=ptfh*= < (h+tf)P —hP;
the latter comes from the standard inequality (1 + z)? > 1+ px, valid for z > —1
and p > 1. Integrating, we find (using Minkowski’s inequality)

ptlfalle < W+ tf I = IRl < (IRl + till)" = 1715
We have equality at ¢ = 0. Dividing by pt, and letting ¢ \, 0, we get

1£glls < Al IRIE~ = 111 llgllq -
For this last equality, note that

Il = () = ([ a) " =Tl

X X
U

The importance of this inequality comes from the fact that it tells us that every
g € LY(X) provides us with a continuous linear functional on L”(X) via

LX) 3 f / f(2)g(g) |dz] € R

Note that a linear functional (or linear form) ¢ on a normed space V' is continuous
if and only if it is bounded, i.e., if there is M > 0 such that |p(v)| < M |jv|| for all
v € V. The bound here is given by | g||,, according to Hélder’s inequality.

12.6. Theorem (Fischer-Riesz). L”(X) is a Banach space.

Proof. We have seen that (L(X), || - ||,) is a normed vector space. We have to
show that it is complete. So let (f,) be a Cauchy sequence in L”(X). It suffices

to show that there is a convergent subsequence. We pick a subsequence ( f,,, ) such
that || fg,, — faellp < 27" for all k.

If p = oo, this means that |f,,,, — fu.] < 27% for all k, hence (f,,) converges
L
point-wise almost everywhere to a function f, and |f| < || fulleo + Do 27F < 00,
L

so f € L®(X). Also, || f — farlloo <2-27% s0 (fn,) converges to f in the metric
of L**(X).

Now assume that 1 < p < oo. We have
’fnk| %gk = ’fm‘ + ‘fnz - fm’ T+t ’fnk - fmﬁl’v
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and by Minkowski’s inequality,

||9k:||p < ”fm”p + ||fn2 - fm”p +eeet ”fnk - fnk_1||p < Hfm”p +1.

The sequence of functions (gx) is increasing, and [ « ¢ is bounded, hence by the

Monotone Convergence Theorem 11.24, (gi) converges point-wise almost every-

where to a limit function g, and ¢” is integrable on X. We therefore see that

| fr, [P < gP, so by the Dominated Convergence Theorem 11.26, the sequence (f,,, )
L

converges point-wise almost everywhere to a function f such that |f|P is inte-
grable on X, so f € L?(X). The sequence |f — f,,|P then converges point-wise to
zero almost everywhere and is bounded by the integrable function 2PgP, so by the
Dominated Convergence Theorem again,

1f = fulls = /|f(x) — fu@)['ldz] =0 ask — oc.
X

This means that f,, converges to f in the metric of L”(X), which was to be
shown. 0

12.7. Hilbert Space. In particular, L?(X) is a Hilbert space. This is a Banach

space such that the norm comes from an inner product: ||z|| = \/(x,z). In the
case of L?(X), the inner product is

(f.g) = / f(2)g(z) |dz|.

Note that Holder’s inequality tells us that this makes sense, i.e., fg is integrable
on X when f,g € L*(X).

Recall that a family (f;) is said to be orthonormalif (f;, f;) = 0 whenever i # j and
|| fill2 = 1 for all j. By Zorn’s Lemma, there are maximal orthonormal families.
It can be shown that L?(X) is separable, i.e., it has a countable dense subset.

This implies that every orthonormal family must be countable (otherwise it would
provide an uncountable discrete subset), so we can write it as (f,)nen. If the
family is maximal, it is then true that

F=> Fs fad

n=1

for all f € L*(X), in the sense of convergence in the metric of L?(X) :

=0.

2

tim [ f =Y 5
k=1

Note that we have Y (f, fu)> = ||fll3 < oo. Conversely, if (a,) is a square-
summable sequence of real numbers, i.e., Y a? < oo, then Y. a,f, converges.
In this way, we obtain an isomorphism between L?*(X) and the Hilbert space £? of
square-summable sequences.

For example, when X is the unit interval [0,1], then the constant function 1,
together with V2 sin 27rna and /2 cos 2na for n > 1 are a maximal orthonormal
family, and the expression for f given above is nothing else than its Fourier series.
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Let F': L?(X) — R be a bounded (i.e., continuous) linear functional (so |F(f)| <
M]| f]|2 for some M > 0). Then we have

F(f) = F(3 U b fa) = DU S F () = (£ FUf)fa)

n n

For any n, we have

k=1 — P

k=1

S0 E:F(fn)2 < M? < oco. This implies that

n=1

g = ZF<fn)fn

exists in L*(X), and F(f) = (f,g) for all f € L*(X):
Every bounded linear functional on L*(X) is obtained as inner product with some
fized element g € L*(X).

This is a special case of the following more general result.

12.8. Riesz Representation Theorem. Let1 < p < oo, and let F': LP(X) — R
be a bounded linear functional. Then there is a unique g € LX) such that

F(f) = [y f(@)g(x)|dz| for all f € LP(X).

The proof is beyond the scope of this course. See the Real Analysis and Functional
Analysis graduate courses.

Note that p = oo is excluded: there are more bounded linear functionals on L*(X)
than those coming from integrable functions. Here is a sketch. One version of the
Hahn-Banach Theorem (which relies on the axiom of choice) says that a bounded
linear functional on a closed subspace of a Banach space can be extended to a
bounded linear functional on the whole space. Let X = [—1, 1] (for concreteness).
The space C(X) of continuous functions on X, together with the maximum norm,
is a Banach space (Exercise!), which can be identified with a closed subspace
of L>*(X). On C(X), there is the bounded linear functional f + f(0), which we
then can extend to a bounded linear functional on L>°(X). If this were represented
by a function g € L'(X), then we would need to have

/f(as)g(x) dx = f(0) for all f € C(X).

But such a function g cannot exist (Exercise — use that continuous functions are
dense in L'(X)).
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